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Abstract
These lectures provide a pedagogical, introductory review of the so-called Attractor Mechanism
(AM) at work in two different 4-dimensional frameworks: extremal black holes in N = 2 supergravity
and N = 1 flux compactifications. In the first case, AM determines the stabilization of scalars at
the black hole event horizon purely in terms of the electric and magnetic charges, whereas in the
second context the AM is responsible for the stabilization of the universal axion-dilaton and of the
(complex structure) moduli purely in terms of the RR and NSNS fluxes. Two equivalent approaches
to AM, namely the so-called “criticality conditions” and “New Attractor” ones, are analyzed in
detail in both frameworks, whose analogies and differences are discussed. Also a stringy analysis of
both frameworks (relying on Hodge-decomposition techniques) is performed, respectively considering
Type IIB compactified on CY3 and its orientifolded version, associated with
CY3×T2
Z2 . Finally, recent
results on the U -duality orbits and moduli spaces of non-BPS extremal black hole attractors in
3 6 N 6 8, d = 4 supergravities are reported.
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1
1 Introduction
After the original papers [1]-[5] from mid 90’s dealing mostly with the Bogomol’ny-Prasad-Sommerfeld
(BPS) black holes (BHs), extremal BH attractors have been recently widely investigated [6]–[53] (see also
[54]–[62]). Such a renaissance is mainly due to the (re)discovery of new classes of solutions to the attractor
equations corresponding to non-BPS horizon geometries: certain configurations of moduli stabilized near
the horizon of extremal BHs exist which break supersymmetry. In addition, the stabilization of moduli
in the context of string theory has become a central issue of string cosmology. The attractor equations
used in the past for stabilizing moduli near the horizon of an extremal BH have turned out to be useful
in the context of flux vacua.
In this introduction we will first briefly remind the basic structure of the BPS BH attractors in N = 2,
d = 4 supergravity. After that, we will outline the main features of the recent developments in non-BPS
extremal BH attractors and flux vacua, a detailed description of which will be given in the subsequent
sections.
An horizon extremal BH attractor geometry is in general supported by particular configurations of
the 1× (2nV + 2) symplectic vector of the BH field-strength fluxes, i.e. of the BH magnetic and electric
charges:
Q ≡ (pΛ, qΛ) , pΛ ≡ 14pi
∫
S2∞
FΛ, qΛ ≡ 14pi
∫
S2∞
GΛ, Λ = 0, 1, ..., nV , (1.1)
where, in the case ofN = 2, d = 4 supergravity, nV denotes the number of Abelian vector supermultiplets
coupled to the supergravity one (containing the Maxwell vector A0, usually named graviphoton). Here
FΛ = dAΛ and GΛ is the “dual” field-strength two-form [63, 64].
BPS BH attractor equations fix the values of all moduli near BH horizon in terms of the electric
and magnetic charges. The most compact form of these equations was given in [65], where the Ka¨hler
invariant period
(
Y Λ , FΛ (Y )
)
was introduced by multiplying the covariantly holomorphic period V (z, z¯)
(see Eq. (2.4) below) on the (complex conjugate of the) N = 2, d = 4 central charge function Z¯, so that
Z¯V ≡ (Y Λ , FΛ (Y )) (1.2)
where Y Λ = Y Λ (z, z¯) and V =
(
LΛ ,MΛ
)
. In terms of such variables, the BPS attractor equations are
very simple and state that at the BH horizon the moduli (z, z¯) depend on electric and magnetic charges
so that equations
Y Λ − Y¯ Λ = ipΛ , FΛ (Y )− F¯Λ
(
Y¯
)
= iqΛ (1.3)
are satisfied, and their solution defines moduli as functions of charges
zcr = zcr(p, q) , z¯cr = z¯cr(p, q). (1.4)
BPS attractors equations (1.3) are equivalent to the condition of unbroken supersymmetry: DZ = 0.
A simple way to derive the BH attractor equations, which also gives a clear link to their use in the
context of flux vacua, is by using the language of string theory compactified on a Calabi-Yau threefold
(CY3) [66]. One starts with the Hodge decomposition of the 3-form flux (see Eq. (3.4.1.30) below)
H3 = −2Im[Z¯Ωˆ3 − D¯iZ¯DiΩˆ3] =
∫
S2∞
F̂+, (1.5)
2
where Ωˆ3 is the covariantly holomorphic 3-form of the CY3, F̂+ is the self-dual 5-form of type IIB string
theory and S2∞ is the 2-sphere at infinity, as in the definition (1.1) (see e.g. [64]). By integration over a
symplectic basis of 3-cycles of CY3 the decomposition (1.5) can be brought to the form (see Eq. (3.3.1.10)
below)
QT = −2Im[Z¯V − D¯iZ¯DiV ]. (1.6)
By inserting the condition of unbroken supersymmetry DiZ = 0 into the identities (1.5) and (1.6), one
obtains the BPS extremal BH attractor Eqs. (1.3) in a stringy framework:
H3 = −2Im[Z¯Ωˆ3]DZ=0, (1.7)
or equivalently:
QT = −2Im [ZV ]
DZ=0
. (1.8)
This attractor Eq. presents a particular case of the criticality condition for the so-called effective BH
potential, ∂iVBH = 0, where (see definition (3.1.1) below)
VBH(z, z¯) ≡ |Z|2 + gij (DiZ)DjZ. (1.9)
Another important feature of the BPS attractors is the relation between the second derivative of VBH
at the critical points ∂VBH = 0 and the metric gij of the scalar manifold (usually called moduli space in
string theory), namely (
∂i∂jVBH
)
∂VBH=0
= 2
(
gijVBH
)
∂VBH=0
. (1.10)
Since VBH at the supersymmetric critical point DZ = 0 (with non-vanishing entropy) is strictly positive
(VBH |DZ=0 = |Z|2DZ=0 > 0), Eq. (1.10) implies that all BPS attractors are stable, at least as long as
the metric of the moduli space is strictly positive definite. Note that in the BPS case the condition of
non-vanishing entropy requires Z|DZ=0 6= 0.
The recent developments with non-BPS BH attractors can be described shortly as follows. For
extremal non-BPS BH solutions of N = 2, d = 4 supergravity one finds the mechanism of stabilization
of moduli near BH horizon with some properties of the same nature as in BPS case, and some properties
somewhat different.
Many nice features of the BH attractors in the past were associated with the unbroken supersymmetry
of BPS BHs. During the last few years the basic reason for the attractor behaviour of extremal BHs has
been discovered to be geometrical1: extremal BHs (regardless their supersymmetry-preserving features)
all have moduli which acquire fixed values at the BH horizon independent of their values at infinity!
Their values at the horizon depend only on the electric and magnetic BH charges. The existence of an
infinite throat in the space-time geometry of extremal BHs leads to an evolution towards the horizon such
that the moduli forget their initial conditions at (spatial) infinity [14]. Since a Schwarzschild-type BH
geometry with non-vanishing horizon area is never extremal, this phenomenum never takes place when
solving the equations of motion for scalar fields in such a background: their values at the horizon depend
on the initial conditions of the radial dynamical evolution, because there are no coordinate systems with
infinite distance from the event horizon.
1We are grateful to A. Linde for this insight, see also [14].
3
A simple qualifier of both BPS and non-BPS attractors remains valid in the form of a critical point
of the BH potential:
∂VBH = 0 : for BPS : DZ = 0, for non − BPS : DZ 6= 0. (1.11)
The non-BPS attractor Eqs. in the form generalizing Eqs. (1.3) can be given separately for the cases
Z 6= 0 and Z = 0 2.
In the case Z 6= 0 one finds (see Eq. (3.3.2.3) below)
QT = −2Im
{[
ZV − i
2
Z
|Z|2C
ijk
(
DjZ
) (
DkZ
)
DiV
]}
non−BPS,Z 6=0
. (1.12)
Here one starts with the identity (1.6) and replaces the second term using the expression for it derived
from the non-BPS Z 6= 0 criticality condition ∂VBH = 0. The attractor Eq. (1.12) is a clear generalization
of the BPS attractor Eq. (1.3)-(1.8) with Z 6= 0: at DZ = 0 the second term in the right-hand side
(r.h.s.) of Eq. (1.12) vanishes and it reduces exactly to Eq. (1.8) or its detailed form given by Eq. (1.3).
For both classes (Z 6= 0 and Z = 0) of non-BPS attractors the critical value of VBH remains positive,
since by definition VBH is a real, positive function in the scalar manifold. However, the universal BPS
stability condition (1.10) is not valid anymore and one has to study this issue separately3.
In the present review we will consider only critical points of VBH ( 12 -BPS as well as non-BPS) which
are non-degenerate, i.e. with a finite, non-vanishing horizon area, corresponding to the so-called “large”
BHs4.
Due to the so-called Attractor Mechanism (AM) [1]-[5], the Bekenstein-Hawking entropy [67] of
“large” extremal BHs can be obtained by extremizing VBH (φ,Q), where “φ” now denotes the set of
real scalars relevant for the AM, and Q is defined by Eq. (1.1). In N = 2, d = 4 supergravity, non-
degenerate attractor horizon geometries correspond to BH solitonic states belonging to 12 -BPS “short
massive multiplets” or to non-BPS “long massive multiplets” , respectively. The BPS bound [68] requires
that
MADM ≥ |Z|, (1.13)
where MADM denotes the Arnowitt-Deser-Misner (ADM) mass [69]. At the event horizon, extremal BPS
2The non-BPS BH attractor Eqs. ∂VBH = 0 with the condition Z = 0, DZ 6= 0 will be discussed later in the lectures.
3In case that the critical Hessian matrix has some “massless modes” (i.e. vanishing eigenvalues), one has to look at
higher-order covariant derivatives of VBH evaluated at the considered point, and study their sign. Depending on the
configurations of the BH charges, one can obtain stable or unstable critical points.
Examples in literature of investigations beyond the Hessian level can be found in [10, 23, 24]. A detailed analysis of the
stability of critical points of VBH in (the large volume limit of) compactifications of Type IIA superstrings on CY3s has
been recently given in [34].
The issue of stability of non-BPS critical points of VBH in homogeneous (not necessarily symmetric) N = 2, d = 4 special
Ka¨hler geometries has been treated exhaustively in [36]. It was derived that all non-BPS critical points of VBH in such
geometries are stable, up to a certain number of “flat” directions (present at all order in the covariant differentiation of
VBH), which span a certain moduli space, pertaining to the considered class of solutions of the attractor Eqs.. The results
of [36] hold in general for any theory (not necessarily involving supersymmetry) in which gravity is coupled to Abelian gauge
vectors and with a scalar sigma model endowed with homogeneous geometry (see further below in the present lectures).
4For further elucidations, we refer the reader e.g. to the recent lectures of Sen [47], where important aspects of BH
attractors are presented: the microscopic string theory counting of states explaining the macroscopic BH entropy and the
treatment of higher-derivative terms in the actions.
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BHs do saturate such a bound, whereas the non-BPS ones satisfy5
1
2 -BPS : 0 < |Z|H = MADM,H ;
non-BPS
 Z 6= 0: 0 < |Z|H < MADM,H ;
Z = 0: 0 = |Z|H < MADM,H ,
(1.14)
where MADM,H is obtained by extremizing VBH (φ,Q) with respect to its dependence on the scalars:
MADM,H (Q) =
√
VBH (φ,Q)|∂φVBH=0. (1.15)
The (purely) charge-dependent BH entropy SBH is given by the Bekenstein-Hawking entropy-area
formula [67, 5]
SBH (Q) =
AH (Q)
4
= pi VBH (φ,Q)|∂φVBH=0 = piVBH (φH (Q) , Q) , (1.16)
where AH is the area of the BH event horizon.
Non-degenerate, non-supersymmetric (non-BPS) extremal BH (and black string) attractors arise
also in N = 2, d = 5, 6 supergravity and in N > 2, d = 4, 5, 6 extended supergravities (see e.g.
[70, 71, 72, 73, 19, 74, 40, 38, 46, 49], and Refs. therein). In the present lectures we will focus on
extremal BH attractors in N = 2, d = 4 ungauged supergravity coupled to Abelian vector multiplets,
where the scalar manifold parameterized by the scalars is endowed with the so-called special Ka¨hler (SK)
geometry (see Sect. 2).
Flux vacua (FV) became recently one of the new playgrounds for string theory, in general and in
particular in the context of moduli stabilization (for an introduction to flux compactifications, see e.g.
[75, 76, 77, 78, 79] and Refs. therein).
The advances of observational cosmology and the emergence of the so-called “standard cosmological
model” enforce on string theory/supergravity a responsibility to address the current and future obser-
vations. This requires a solution of the problem of moduli stabilization. In the early Universe during
inflation, all string theory moduli but the inflaton have to be stabilized, in order to produce an effec-
tive four-dimensional General Relativity and also in order for inflation to explain the cosmic microwave
background observations. At the present time, all moduli have to be stabilized in a four-dimensional de
Sitter space to explain dark energy and acceleration of the Universe which took place during the last few
billion years.
The procedure of moduli stabilization in string theory consists of few steps.
One of the steps is the stabilization of moduli by fluxes in type IIB string theory, determining
d = 4 FV, with effective N = 1 local supersymmetry and complex structure moduli stabilized; an
important feature of such a procedure is the non-stabilization of the Ka¨hler moduli. However, the
largest contribution to the counting of the Calabi-Yau vacua in the so-called String Landscape comes
from the diversity of FV.
Thus, it is still interesting to study the mechanism of stabilization of the axion-dilaton and complex
structure moduli in FV, ignoring the Ka¨hler moduli. We will deal with such a scenario, in the particular
5Here and in what follows, the subscript “H” will denote values at the BH event horizon.
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case in which the geometry of the complex structure moduli is SK, and not simply Ka¨hler. In such
a framework, it turns out that the Eqs. determining the FV configurations are closely related to the
abovementioned extremal BH attractor Eqs. of N = 2, d = 4 supergravity.
In the studies of FV one can start with an F-theory flux compactification on an elliptically fibered
Calabi-Yau fourfold CY4 in the orientifold limit in which CY4 = CY3×T
2
Z2 , where T
2 is the two-torus. In
type IIB string theory, this is equivalent to compactifying on the orientifold limit of CY3. The resulting
low energy, d = 4 effective theory is N = 1 supergravity, where the information on string theory choice
of compactification is encoded into a flux superpotential W and a Ka¨hler potential K. As explained
above, we assume that both flux superpotential W and Ka¨hler potential K depend only on the complex
structure (CS) moduli of CY4, spanning the CS moduli space M . Because of the orientifold limit of CY4,
M has the product structureM =MCS(CY3)×Mτ (see Eq. (4.1.1) further below), whereMCS(CY3)
(simply named MCS further below) is the CS moduli space of CY3 and Mτ is the moduli space of the
elliptic curve T 2 spanned by the axion-dilaton τ (named t0 in the treatment of the present lectures). Let
us here just mention that in order to stabilize also the Ka¨hler moduli of CY4, one should incorporate the
non-perturbative string effects (see e.g. [80]), which however we will not discuss here.
The potential in the effective N = 1, d = 4 supergravity theory, in the Planckian units set equal to
one, is given by [81, 82]
VN=1 = eK
h2,1(CY3)∑
A=0
|DAW |2 − 3|W |2
 = h2,1(CY3)∑
A=0
|DAZ|2 − 3|Z|2 , (1.17)
where A = 0 refers to the axion-dilaton τ ≡ t0 and A = i ∈ {1, · · · , h2,1(CY3)} to the CS moduli ti
of CY3 (h2,1 ≡ dim
(
H2,1 (CY3)
)
; see Subsect. 4.1). We defined Z ≡ eK2 W , as for the extremal BH
attractors in N = 2, d = 4 supergravity, even if the analogy is only formal, because in the present d = 4
framework with N = 1 local supersymmetry there is no central charge at all.
The real Ka¨hler potential of the effective N = 1, d = 4 supergravity theory reads (see Eq. (4.1.2.18)
below)
K = −ln〈Ω4, Ω¯4〉 = −ln(〈Ω1, Ω¯1〉)− ln(〈Ω3, Ω¯3〉) , (1.18)
where Ω4 is a nowhere vanishing holomorphic 4-form defined on CY4. In the orientifold limit, Ω4 is a
product of an appropriate holomorphic 3-form Ω3 of CY3 and the holomorphic 1-form Ω1 of the torus
T 2 (see Subsubsect. 4.1.2).
The flux holomorphic superpotential W is defined as a section of the line bundle L by [83, 84] (see
Eq. (4.1.2.19) below)
W ≡ Ze−K2 = 〈F4,Ω4〉 ≡
∫
CY4
F4 ∧ Ω4 , (1.19)
where F4 ∈ H4(CY4) is the 4-form flux.
In generic local “ flat” coordinates of M (with 0 and A-indices respectively referring to the axion-
dilaton and CS moduli of CY3), F4 enjoys the following Hodge decomposition, which we present here in
terms of Z for the sake of comparison with its “ BH-counterpart” (i.e. the Hodge decomposition (1.5)
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of the 3-form flux H3) (Ωˆ4 ≡ e 12KΩ4; see definition (4.1.2.21) and Eq. (4.1.3.6) below):
F4 = 2Re
[
ZΩˆ4 − δAB
(
DBZ
)
DAΩˆ4 + δAB
(
D0DBZ
)
D0DAΩˆ4
]
. (1.20)
By imposing the supersymmetry-preserving condition DZ = 0 (formally identical to the one appearing
in the abovementioned theory of extremal BH attractors in N = 2, d = 4 supergravity), the identity
(1.20) becomes a supersymmetric FV Attractor Eq.. Indeed, the left-hand side (l.h.s.) depends on fluxes
and the r.h.s. depends on axion-dilaton and on CS moduli of CY3; thus, the solution stabilizes the
axion-dilaton and the CS moduli of CY3 purely in terms of fluxes: beside Eq. (1.7), one gets
F4 = 2Re
[
ZΩˆ4 + δAB
(
D0DBZ
)
D0DAΩˆ4
]
DZ=0
. (1.21)
Let us now compare the supersymmetric FV Attractor Eqs. (1.21) with their “ BH-counterpart”, i.e.
with the BPS extremal BH Attractor Eqs. (1.7).
In the case of FV, instead of the imaginary part we have a real part of a somewhat analogous
expression: this is due to the fact that for FV one has a 4-form flux F4 on a CY3 orientifold rather than
of a 3-form flux H3 on CY3.
The other significant difference is in the second term in the r.h.s. of Eq. (1.21). This term, absent
in the BH case, is proportional to the second-order covariant derivative of Z along the τ direction
and one of the directions pertaining to the CS moduli of CY3. In the BH case there is a relation
DiDjZ = iCijkD
k
Z (see the second of Eqs. (2.17) below), and therefore the second covariant derivative
of Z is not an independent term for BH, differently from D0DIZ in the FV case, which is an independent
term in the decomposition of forms.
The absence of such a term in the BPS extremal BH Attractor Eqs. (1.7) does not allow for non-
degenerate BPS extremal BH attractors with vanishing central charge: indeed, on the BH side Z = 0
and DZ = 0 yield VBH = 0. This limit case corresponds to a classical “small” extremal BH, exhibiting a
naked singularity because the area of the BH event horizon vanishes. The Attractor Mechanism in such
a case simply ceases to hold, because for Z = 0 and DZ = 0 the BPS extremal BH Attractor Eqs. (1.3)
admit as unique solution Q = 0.
The same does not happen on the FV side. Indeed, by substituting Z = 0 and DZ = 0 into the
Hodge decomposition (1.20) does not generate any unconsistency: the second term in the r.h.s. of Eq.
(1.21) provides a consistent solution for superymmetric Minkowski vacua (with DZ = 0 and VN=1 = 0).
Of course, more general supersymmetric solutions with Z 6= 0 are allowed, and they correspond to
supersymmetric AdS FV (see e.g. [11, 85]).
The aim of the present paper is to show the Attractor Mechanism at work in two completely different
d = 4 frameworks: extremal BH in N = 2 supergravity and N = 1 flux compactifications.
The plan of the paper is as follows.
In Sect. 2 we recall the fundamentals of the special Ka¨hler geometry, underlying the vector multiplets’
scalar manifold of N = 2, d = 4 ungauged supergravity, as well as the complex structure moduli space
of certain N = 1, d = 4 supergravities obtained by consistently orientifolding of N = 2 theories, such as
Type IIB compactified on CY3×T
2
Z2 .
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Sect. 3 gives an introduction to the issue of the Attractor Mechanism in the framework where it was
originally discovered by Ferrara, Kallosh and Strominger [1]-[5], namely in the stabilization of the vector
multiplet’ scalars near the event horizon of an extremal, static, spherically symmetric and asymptotically
flat BH in N = 2, d = 4 ungauged supergravity.
Subsect. 3.1 presents the so-called “criticality conditions” approach to the Attractor Mechanism,
in which the purely charge-dependent stabilized configurations of the scalars at the BH horizon can be
computed as the critical points of a certain real positive BH effective potential VBH , whose classification
is given in Subsubsect. 3.1.1. The stability of the critical points of VBH is then analyzed in Subsect.
3.2, both in the general case of nV moduli (Subsubsect. 3.2.1) and in the 1-modulus case (Subsubsect.
3.2.2).
Subsect. 3.3 presents another, equivalent approach to the Attractor Mechanism, recently named
“New Attractor” approach. In Subsubsect. 3.3.2 it is exploited in a general N = 2, d = 4 supergravity
framework, by substituting the (various classes of) criticality conditions of VBH into some geometrical
identities of special Ka¨hler geometry, expressing nothing but a change of basis between “dressed” and
“undressed” charges, and derived in Subsubsect. 3.3.1.
Subsect. 3.4 implements the “New Attractor” approach in a stringy framework, namely in Type
IIB compactified on CY3. In Subsubsect. 3.4.2 the (various classes of) criticality conditions of VBH are
inserted into some general identities (equivalent to the identities derived in Subsubsect. 3.3.1), expressing
the decomposition of the real, Ka¨hler gauge-invariant 3-form flux H3 along the third Dalbeault cohomogy
of CY3, and derived in Subsubsect. 3.4.1.
Sect. 4 deals with the Attractor Mechanism in a completely different framework, namely in N =
1, d = 4 ungauged supergravity obtained by consistently orientifolding the N = 2 theory, and thus
mantaining a special Ka¨hler geometry of the manifold of the scalars surviving the orientifolding. In
the considered example of Type IIB associated with CY3×T
2
Z2 , the Attractor Mechanism determines the
stabilization of the universal axion-dilaton and of the complex structure moduli in terms of the Ramond-
Ramond (RR) and Neveu-Schwarz-Neveu-Schwarz (NSNS) fluxes.
Subsect. 4.1 introduces the fundamentals of the geometry of (the moduli space of) CY3 orientifolds:
the vielbein and the metric tensor (Subsubsect. 4.1.1), the relevant 1-, 3- and 4-forms (Subsubsect.
4.1.2), and the Hodge decomposition of the real, Ka¨hler gauge-invariant 4-form flux F4, unifying the RR
3-form flux F3 with the NSNS 3-form flux H3 (Subsubsect. 4.1.3).
Subsect. 4.2 presents the so-called “criticality conditions” approach to the Attractor Mechanism
in flux vacua (FV) compactifications of the kind considered above, in which the (complex structure)
moduli space is endowed with special Ka¨hler geometry. The purely flux-dependent stabilized vacuum
configurations of the axion-dilaton and complex structure moduli can be computed as the critical points
of a certain real (not necessarily positive) FV effective potential VN=1. Since (differently from its BH
N = 2 counterpart VBH) VN=1 has no definite sign, the FV attractor configurations can correspond to
a de Sitter (dS, VN=1 > 0), Minkowski (VN=1 = 0) or anti-de Sitter (AdS, VN=1 < 0) vacuum.
Finally, Subsect. 4.3 implements the “New Attractor” approach to the Attractor mechanism in
the considered class of FV compactifications, in the case of supersymmetric vacuum configurations.
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The supersymmetric criticality conditions of VN=1 are inserted into the Hodge decomposition of the
4-form flux F4, and the resulting supersymmetric FV Attractor Eqs. lead to the classification of the
supersymmetric FV into three general families.
Two Appendices, containing technical details, conclude the lectures.
2 Special Ka¨hler Geometry
In the present Section we briefly recall the fundamentals of the SK geometry underlying the scalar
manifold MnV of N = 2, d = 4 supergravity, nV being the number of Abelian vector supermultiplets
coupled to the supergravity multiplet (dimCMnV = nV ) (see e.g. [86, 87, 88, 89, 90, 91, 92, 93, 63, 64]).
It is convenient to switch from the Riemannian 2nV -dim. parameterization ofMnV given by the local
real coordinates {φa}a=1,...,2nV to the Ka¨hler nV -dim. holomorphic/antiholomorphic parameterization
given by the local complex coordinates
{
zi, zi
}
i,i=1,...,nV
. This corresponds to the following unitary
Cayley transformation:
zk ≡ ϕ
2k−1 + iϕ2k√
2
, k = 1, ..., nV . (2.1)
The metric structure of MnV is given by the covariant (special) Ka¨hler metric tensor gij (z, z) =
∂i∂jK (z, z), K (z, z) being the real Ka¨hler potential.
Usually, the nV ×nV Hermitian matrix gij is assumed to be non-degenerate (i.e. invertible, with non-
vanishing determinant and rank nV ) and with strict positive Euclidean signature (i.e. with all strictly
positive eigenvalues) globally inMnV . We will so assume, even though we will be concerned mainly with
the properties of gij at those peculiar points of MnV which are critical points of VBH .
It is worth here remarking that various possibilities arise when going beyond the assumption of global
strict regular gij , namely:
- (locally) not strictly regular gij , i.e. a (locally) non-invertible metric tensor, with some strictly
positive and some vanishing eigenvalues (rank < nV );
- (locally) non-regular non-degenerate gij , i.e. a (locally) invertible metric tensor with pseudo-
Euclidean signature, namely with some strictly positive and some strictly negative eigenvalues (rank
= nV );
- (locally) non-regular degenerate gij , i.e. a (locally) non-invertible metric tensor with some strictly
positive, some strictly negative, and some vanishing eigenvalues (rank < nV ).
The local violation of strict regularity of gij would produce some kind of “phase transition” in the
SKG endowing MnV , corresponding to a breakdown of the 1-dim. effective Lagrangian picture (see [5],
[94], and also [18] and [74]) of d = 4 (extremal) BHs obtained by integrating all massive states of the
theory out, unless new massless states appear [5].
The previously mentioned N = 2, d = 4 covariantly holomorphic central charge function is defined
as
Z (z, z; q, p) ≡ QV (z, z) = qΛLΛ (z, z)− pΛMΛ (z, z) = e 12K(z,z)QΠ (z) =
= e
1
2K(z,z)
[
qΛX
Λ (z)− pΛFΛ (z)
] ≡ e 12K(z,z)W (z; q, p) , (2.2)
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where  is the (2nV + 2)-dim. square symplectic metric (subscripts denote dimensions of square sub-
blocks)
 ≡
 0nV +1 −InV +1
InV +1 0nV +1
 , (2.3)
and V (z, z) and Π (z) respectively stand for the (2nV + 2)× 1 covariantly holomorphic (Ka¨hler weights
(1,−1)) and holomorphic (Ka¨hler weights (2, 0)) period vectors in symplectic basis:
DiV (z, z) =
(
∂i − 12∂iK
)
V (z, z) = 0, DiV (z, z) =
(
∂i + 12∂iK
)
V (z, z)
m
V (z, z) = e
1
2K(z,z)Π (z) , DiΠ (z) = ∂iΠ (z) = 0, DiΠ (z) = (∂i + ∂iK) Π (z) ,
Π (z) ≡
 XΛ (z)
FΛ (X (z))
 = exp (− 12K (z, z))
 LΛ (z, z)
MΛ (z, z)
 ,
(2.4)
with XΛ (z) and FΛ (X (z)) being the holomorphic sections of the U(1) line (Hodge) bundle over MnV .
W (z; q, p) is the so-called holomorphic N = 2, d = 4 central charge function, also named N = 2
superpotential.
Up to some particular choices of local symplectic coordinates in MnV , the covariant symplectic
holomorphic sections FΛ (X (z)) may be seen as derivatives of an holomorphic prepotential function F
(with Ka¨hler weights (4, 0)):
FΛ (X (z)) =
∂F (X (z))
∂XΛ
. (2.5)
In N = 2, d = 4 supergravity the holomorphic function F is constrained to be homogeneous of degree 2
in the contravariant symplectic holomorphic sections XΛ (z), i.e. (see [64] and Refs. therein)
2F (X (z)) = XΛ (z)FΛ (X (z)) . (2.6)
The normalization of the holomorphic period vector Π (z) is such that
K (z, z) = −ln [i 〈Π (z) ,Π (z)〉] ≡ −ln [iΠT (z) Π (z)] = −ln{i [XΛ (z)FΛ (z)−XΛ (z)FΛ (z)]} ,
(2.7)
where 〈·, ·〉 stands for the symplectic scalar product defined by .
Note that under a Ka¨hler transformation
K (z, z) −→ K (z, z) + f (z) + f (z) (2.8)
(f (z) being a generic holomorphic function), the holomorphic period vector transforms as
Π (z) −→ Π (z) e−f(z) ⇔ XΛ (z) −→ XΛ (z) e−f(z). (2.9)
This means that, at least locally, the contravariant holomorphic symplectic sections XΛ (z) can be
regarded as a set of homogeneous coordinates on MnV , provided that the Jacobian complex nV × nV
holomorphic matrix
eai (z) ≡
∂
∂zi
(
Xa (z)
X0 (z)
)
, a = 1, ..., nV (2.10)
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is invertible. If this is the case, then one can introduce the local projective symplectic coordinates
ta (z) ≡ X
a (z)
X0 (z)
, (2.11)
and the SKG ofMnV turns out to be based on the holomorphic prepotential F (t) ≡
(
X0
)−2
F (X). By
using the t-coordinates, Eq. (2.7) can be rewritten as follows (Fa (t) = ∂aF (t), ta = ta, Fa
(
t
)
= Fa (t)):
K
(
t, t
)
= −ln
{
i
∣∣X0 (z (t))∣∣2 [2 (F (t)−F (t))− (ta − ta) (Fa (t) + Fa (t))]} . (2.12)
By performing a Ka¨hler gauge-fixing with f (z) = ln
(
X0 (z)
)
, yielding that X0 (z) −→ 1, one thus gets
K
(
t, t
)∣∣
X0(z)−→1 = −ln
{
i
[
2
(F (t)−F (t))− (ta − ta) (Fa (t) + Fa (t))]} . (2.13)
In particular, one can choose the so-called special coordinates, i.e. the system of local projective t-
coordinates such that
eai (z) = δ
a
i ⇔ ta (z) = zi
(
+ci, ci ∈ C) . (2.14)
Thus, Eq. (2.13) acquires the form
K
(
t, t
)∣∣
X0(z)−→1,eai (z)=δai
= −ln
{
i
[
2
(F (z)−F (z))− (zj − zj)(Fj (z) + F j (z))]} . (2.15)
Moreover, it should be recalled that Z has Ka¨hler weights (p, p) = (1,−1), and therefore its Ka¨hler-
covariant derivatives read
DiZ =
(
∂i +
1
2
∂iK
)
Z, DiZ =
(
∂i −
1
2
∂iK
)
Z. (2.16)
The fundamental differential relations of SK geometry are6 (see e.g. [64]):
DiZ = Zi;
DiZj = iCijkgkkDkZ = iCijkg
kkZk;
DiDjZ = DiZj = gijZ;
DiZ = 0,
(2.17)
where the first relation is nothing but the definition of the so-called matter charges Zi, and the fourth
relation expresses the Ka¨hler-covariant holomorphicity of Z. Cijk is the rank-3, completely symmetric,
6Actually, there are different (equivalent) defining approaches to SK geometry. For subtleties and further elucidation
concerning such an issue, see e.g. [95] and [96].
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covariantly holomorphic tensor of SK geometry (with Ka¨hler weights (2,−2)) (see e.g.7 [64, 91, 92]):
Cijk = 〈DiDjV,DkV 〉 = eK (∂iNΛΣ)DjXΛDkXΣ =
= eK
(
∂iX
Λ
) (
∂jX
Σ
) (
∂kX
Ξ
)
∂Ξ∂ΣFΛ (X) ≡ eKWijk, ∂lWijk = 0;
Cijk = DiDjDkS, S ≡ −iLΛLΣIm (FΛΣ) , FΛΣ ≡ ∂FΛ∂XΣ , FΛΣ ≡ F(ΛΣ) ;
Cijk = −igilf
l
ΛDjDkL
Λ, f
l
Λ
(
DL
Λ
s
)
≡ δls;
DiCjkl = 0 (covariant holomorphicity);
Rijkl = −gijgkl − gilgkj + CikpCjlpgpp (usually named SKG constraints);
D[iCj]kl = 0,
(2.18)
where the last property is a consequence, through the SKG constraints and the covariant holomorphicity
of Cijk, of the Bianchi identities for the Riemann tensor Rijkl (see e.g. [91]), and square brackets denote
antisymmetrization with respect to enclosed indices. For later convenience, it is here worth writing the
expression for the holomorphic covariant derivative of Cijk:
DiCjkl = D(iCj)kl = ∂iCjkl + (∂iK)Cjkl + Γ mij Cmkl + Γ
m
ik Cmjl + Γ
m
il Cmjk. (2.19)
It is worth recalling that in a generic Ka¨hler geometry Rijkl reads
Rijkl = g
mn
(
∂l∂j∂mK
)
∂i∂n∂kK − ∂l∂i∂j∂kK = gkn∂iΓ
n
lj = gnl∂jΓ
n
ki ,
Rijkl = Rjilk (reality),
Γ lij = −gll∂igjl = −gll∂i∂l∂jK = Γ l(ij),
(2.20)
where Γ lij stand for the Christoffel symbols of the second kind of the Ka¨hler metric gij .
In the first of Eqs. (2.18), a fundamental entity, the so-called kinetic matrix NΛΣ (z, z) of N = 2,
d = 4 supergravity, has been introduced (see also Eq. (3.4.1.9) further below). It is an (nV + 1) ×
(nV + 1) complex symmetric, moduli-dependent, Ka¨hler gauge-invariant matrix defined by the following
fundamental Ansa¨tze of SKG, solving the SKG constraints (given by the third of Eqs. (2.18)):
MΛ = NΛΣLΣ, DiMΛ = NΛΣDiLΣ. (2.21)
By introducing the (nV + 1)× (nV + 1) complex matrices (I = 1, ..., nV + 1)
fΛI (z, z) ≡
(
DiL
Λ
(z, z) , LΛ (z, z)
)
, hIΛ (z, z) ≡
(
DiMΛ (z, z) ,MΛ (z, z)
)
, (2.22)
the Ansa¨tze (2.21) univoquely determine NΛΣ (z, z) as
NΛΣ (z, z) = hIΛ (z, z) ◦
(
f−1
)I
Σ
(z, z) , (2.23)
7Notice that the third of Eqs. (2.18) correctly defines the Riemann tensor Rijkl, and it is actual the opposite of the
one which may be found in a large part of existing literature. Such a formulation of the so-called SKG constraints is well
defined, because, as we will mention at the end of Sect. 3.2, it yields negative values of the constant scalar curvature of
(nV = 1-dim.) homogeneous symmetric compact SK manifolds.
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where ◦ denotes the usual matrix product, and (f−1)I
Σ
fΛI = δ
Λ
Σ,
(
f−1
)I
Λ
fΛJ = δ
I
J .
The covariantly holomorphic (2nV + 2) × 1 period vector V (z, z) is symplectically orthogonal to all
its Ka¨hler-covariant derivatives: 
〈V (z, z) , DiV (z, z)〉 = 0;〈
V (z, z) , DiV (z, z)
〉
= 0;〈
V (z, z) , DiV (z, z)
〉
= 0;〈
V (z, z) , DiV (z, z)
〉
= 0.
(2.24)
Morover, it holds that
gij (z, z) = −i
〈
DiV (z, z) , DjV (z, z)
〉
=
= −2Im (NΛΣ (z, z))DiLΛ (z, z)DiL
Σ
(z, z) = 2Im (FΛΣ (z))DiLΛ (z, z)DiL
Σ
(z, z) ;
(2.25)
〈
V (z, z) , DiDjV (z, z)
〉
= iCijkgkk
〈
V (z, z) , DkV (z, z)
〉
= 0. (2.26)
3 Extremal Black Hole Attractor Equations
in N = 2, d = 4 (ungauged) Supergravity
3.1 Black Hole Effective Potential and “Criticality Conditions” Approach
In N = 2, d = 4 supergravity the “effective BH potential” reads [3, 4, 64]
VBH (z, z; q, p) = |Z|2 (z, z; q, p) + gij (z, z)DiZ (z, z; q, p)DjZ (z, z; q, p) = I1 (z, z; q, p) > 0, (3.1.1)
where I1 is the first, positive-definite real invariant I1 of SK geometry (see e.g. [23, 64]). It should
be noticed that VBH can also be obtained by left-multiplying the SKG vector identity (3.3.1.16) by
the 1 × (2nV + 2) complex moduli-dependent vector − 12QM (N ); indeed, since the matrix M (N ) is
symplectic, one finally gets [3, 4, 64]
VBH (z, z; q, p) = −12QM (N )Q
T . (3.1.2)
It is interesting to remark that the result (3.1.2) can be elegantly obtained from the SK geometry identities
(3.3.1.16) by making use of the following relation (see [19], where a generalization for N > 2-extended
supergravities is also given):
1
2
(M (N ) + iΩ)V = iΩV ⇔M (N )V = iΩV, (3.1.3)
where V is a (2nV + 2)× (nV + 1) matrix defined as follows:
V ≡ (V,D1V , ...,DnV V ) . (3.1.4)
By differentiating Eq. (3.1.1) with respect to the moduli, the criticality conditions of VBH can be
easily shown to acquire the form [5]
DiVBH = ∂iVBH = 0⇔ 2ZDiZ + gjj (DiDjZ)DjZ = 0. (3.1.5)
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These are the what one should rigorously refer to as the N = 2, d = 4 supergravity Attractor Eqs.
(AEs).
In the present work, we will call AEs also some geometrical identities evaluated along the criticality
conditions of the relevant “effective potential”. Indeed, both for extremal BHs attractors in N = 2,
d = 4 supergravity and for FV attractors in N = 1, d = 4 supergravity (at least for the one coming
from some peculiar compactifications of superstrings: see Sect. 4), there exist two different approaches
to determining the attractors:
i) the so-called “criticality conditions” approach, based on the direct solution of the conditions giving
the stationary points of the relevant “effective potential”;
ii) the so-called “new attractor” approach, based on the solution of some fundamental geometrical
identities evaluated along the criticality conditions of the relevant “effective potential”.
Such two approaches are completely equivalent. Dependingly on the considered frameworks, it can
be convenient to exploit one approach rather than the other one (see e.g. [26] for an explicit case).
By using the relations (2.17), the N = 2 AEs (3.1.5) can be recast as follows [5]:
DiVBH = ∂iVBH = 2ZDiZ + iCijkgjlgkm
(
DlZ
)
DmZ. (3.1.6)
Eqs. (3.1.6) are nothing but the relations between the N = 2 central charge function Z (graviphoton
charge) and the nV matter charges Zi (coming from the nV Abelian vector supermultiplets), holding at
the critical points of VBH in the SK scalar manifoldMnV . As it is seen, the tensor Cijk plays a key role.
It is known that static, spherically symmetric, asymptotically flat extremal BHs in d = 4 are described
by an effective d = 1 Lagrangian ([5], [94], and also [18] and [74]), with an effective scalar potential and
effective fermionic “mass terms” terms controlled by the field-strength fluxes vector Q defined by Eq.
(1.1). The “apparent” gravitino mass is given by Z, whereas the nV ×nV gaugino mass matrix Λij reads
(see the second Ref. of [92])
Λij = −iDiZj = CijkgkkZk = Λ(ij). (3.1.7)
Note that Λij is part of the holomorphic/anti-holomorphic form of the 2nV × 2nV covariant Hessian
of Z, which is nothing but the holomorphic/anti-holomorphic form of the scalar mass matrix. The
supersymmetry order parameters, related to the mixed gravitino-gaugino couplings, are given by the
matter charge( function)s DiZ = Zi (see the first of Eqs. (2.17)).
By assuming that the Ka¨hler potential is regular, i.e. that |K| <∞ globally in MNV (or at least at
the critical points of VBH), one gets that
∂iVBH = 0⇔ 2WDiW + ieKWijkgjlgkm
(
DlW
)
DmW = 0. (3.1.8)
3.1.1 Classification of Critical Points of VBH
Starting from the general structure of the criticality conditions (3.1.8) and assuming also the non-
degeneracy (i.e. VBH |∂VBH=0 > 0) condition, the critical points of VBH can be classified in three general
classes, analyzed in the next three Subsubsubsects..
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Supersymmetric ( 12 -BPS)
The supersymmetric ( 12 -BPS) critical points of VBH are determined by the constraints (sufficient but
not necessary conditions for Eqs. (3.1.8))
Z 6= 0, DiZ = 0,∀i = 1, ..., nV . (3.1.1.1.1)
The horizon ADM squared mass at 12 -BPS critical points of VBH saturates the BPS bound:
M2ADM,H, 12−BPS = VBH, 12−BPS =
[
|Z|2 + gij (DiZ)DjZ
]
1
2−BPS
= |Z|21
2−BPS > 0. (3.1.1.1.2)
Considering the N = 2, d = 4 supergravity Lagrangian in a static, spherically symmetric, asymptot-
ically flat extremal BH background, and denoting by ψ and λi respectively the gravitino and gaugino
fields, it is easy to see that such a Lagrangian contains terms of the form (see the second and third Refs.
of [92])
Zψψ;
Cijkg
kk
(
DkZ
)
λiλj ;
(DiZ)λiψ.
(3.1.1.1.3)
Thus, the conditions (3.1.1.1.1) imply the gaugino mass term and the λψ term to vanish at the 12 -BPS
critical points of VBH inMnV . It is interesting to remark that the gravitino “apparent mass” term Zψψ
is in general non-vanishing, also when evaluated at the considered 12 -BPS attractors; this is ultimately a
consequence of the fact that the extremal BH horizon geometry at the 12 -BPS (as well as at the non-BPS)
attractors is Bertotti-Robinson AdS2 × S2 [97, 98, 99].
Non-supersymmetric (non-BPS) with Z 6= 0
The non-supersymmetric ( non-BPS) critical points of VBH with non-vanishing central charge are
determined by the constraints
Z 6= 0, DiZ 6= 0, at least for some i ∈ {1, ..., nV } , (3.1.1.2.1)
which, substituted in Eqs. (3.1.8), yield:
DiZ = − i2ZCijkgjlgkm
(
DlZ
)
DmZ, ∀i = 1, ..., nV ;
m
DiZ =
i
2ZCijkg
ljgmk (DlZ)DmZ, ∀i = 1, ..., nV ,
(3.1.1.2.2)
in turn implying that
gii (DiZ)DiZ = − i2ZCijkgiigjlgkm
(
DiZ
) (
DlZ
)
DmZ =
= i2ZCijkg
iigljgmk (DiZ) (DlZ)DmZ.
(3.1.1.2.3)
Such critical points are non-supersymmetric ones (i.e. they do not preserve any of the 8 supersymmetry
degrees of freedom of the asymptotical Minkowski background), and they correspond to an extremal,
non-BPS BH background. They are commonly named non-BPS Z 6= 0 critical points of VBH .
AEs (3.1.8) and conditions (3.1.1.2.1) imply
(Cijk)non−BPS,Z 6=0 6= 0, for some (i, j, k) ∈ {1, ..., nV }3 . (3.1.1.2.4)
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By using Eq. (3.1.1.2.2) and the so-called SK geometry constraints (see the third of Eqs. (2.18)), the
horizon ADM squared mass corresponding to non-BPS Z 6= 0 critical points of VBH can be elaborated
as follows:
M2ADM,H,non−BPS,Z 6=0 = VBH,non−BPS,Z 6=0 =
[
|Z|2 + gij (DiZ)DjZ
]
non−BPS,Z 6=0
=
=
|Z|2

1 + 1
4|Z|4Rkrnsg
kmgtrgnlgus (DtZ) (DuZ)
(
DlZ
)
DmZ+
+ 1
2|Z|4
[
gij (DiZ)DjZ
]2


non−BPS,Z 6=0
.
(3.1.1.2.5)
As far as gij is strictly positive-definite globally (or at least at the non-BPS Z 6= 0 critical points of
VBH), M2ADM,H,non−BPS,Z 6=0 does not saturate the BPS bound ( [9], [14], [16]):
M2ADM,H,non−BPS,Z 6=0 = VBH,non−BPS,Z 6=0 =
=
[
|Z|2 + gij (DiZ)DjZ
]
non−BPS,Z 6=0
> |Z|2non−BPS,Z 6=0 .
(3.1.1.2.6)
Starting from Eq. (3.1.1.2.5), one can introduce and further elaborate the so-called non-BPS Z 6= 0
supersymmetry breaking order parameter as follows:
(0 <)Onon−BPS,Z 6=0 ≡
[
gij(DiZ)DjZ
|Z|2
]
non−BPS,Z 6=0
=
= −
[
i
2Z|Z|2Cijkg
iigjlgkm
(
DiZ
) (
DlZ
)
DmZ
]
non−BPS,Z 6=0
=
=
[
i
2Z|Z|2Cijkg
iigljgmk (DiZ) (DlZ)DmZ
]
non−BPS,Z 6=0
,
(3.1.1.2.7)
where Eqs. (3.1.1.2.3) were used. Since it holds that[
gij(DiZ)DjZ
|Z|2
]
non−BPS,Z 6=0
=
=
{
1
4|Z|4Rkrnsg
kmgtrgnlgus (DtZ) (DuZ)
(
DlZ
)
DmZ + 12
[
gij(DiZ)DjZ
|Z|2
]2}
non−BPS,Z 6=0
,
(3.1.1.2.8)
Onon−BPS,Z 6=0 defined by Eq. (3.1.1.2.7) can equivalently be rewritten as follows:
Onon−BPS,Z 6=0 =
[
1
4 |Z|4 g
ijCiknCjrsg
nlgkmgtrgus (DtZ) (DuZ)
(
DlZ
)
DmZ
]
non−BPS,Z 6=0
.
(3.1.1.2.9)
Eqs. (3.1.1.2.9) imply that
M2ADM,H,non−BPS,Z 6=0 = VBH,non−BPS,Z 6=0 = |Z|2non−BPS,Z 6=0 [1 +Onon−BPS,Z 6=0] =
=
{
|Z|2
[
3− 2 R(Z)
gijCiknCjrsg
nlgkmgtrgus(DtZ)(DuZ)(DlZ)DmZ
]}
non−BPS,Z 6=0
,
(3.1.1.2.10)
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where the sectional curvature (see e.g. [100] and [101])
R (Z) ≡ Rijklgiigjjgkkgll (DjZ) (DlZ)
(
DiZ
)
DkZ (3.1.1.2.11)
was introduced.
Now, by using the relations of SK geometry it is possible to show that
DmDiCjkl =
[
Dm, Di
]
Cjkl = DmD(iCj)kl = DmD(iCjkl) = 3Cp(klCij)ngnngppCnpm − 4g(l|mC|ijk)
m
Cp(klCij)ng
nngppCnpm = 43g(l|mC|ijk) + Em(ijkl),
(3.1.1.2.12)
where we introduced the rank-5 tensor
Emijkl = Em(ijkl) ≡ 13DmDiCjkl = 13DmD(iCjkl) = Cp(klCij)ngnngppCnpm − 43g(l|mC|ijk) =
= gnnR(i|m|j|nCn|kl) + 23g(i|mC|jkl),
(3.1.1.2.13)
where the SK geometry constraints were used, as well. Now, by recalling the criticality conditions (3.1.8)
of VBH , and by using Eq. (3.1.1.2.2), one gets that at non-BPS, Z 6= 0 critical points of VBH it holds
that
2ZDiZ =
= i4Z2Ei(sntu)g
pngqsgrtgvu (DpZ) (DqZ) (DrZ)DvZ+
+ i3Z2 (DiZ)Cntug
pngrtgvu (DpZ) (DrZ)DvZ.
(3.1.1.2.14)
By using Eqs. (3.1.1.2.7), (3.1.1.2.14) and (3.1.1.2.7), with a little effort it is thus possible to compute
that
M2ADM,H,non−BPS,Z 6=0 = VBH,non−BPS,Z 6=0 = |Z|2non−BPS,Z 6=0 [1 +Onon−BPS,Z 6=0] =
= |Z|2non−BPS,Z 6=0
{
4− 34
[
1
|Z|2
Ei(klmn)g
ijgkkgllgmmgnn(DjZ)(DkZ)(DlZ)(DmZ)DnZ
N3(Z)
]
non−BPS,Z 6=0
}
,
(3.1.1.2.15)
where we defined the complex cubic form
N3 (Z) ≡ Cijkgiigjjgkk (DiZ) (DjZ)DkZ. (3.1.1.2.16)
Now, by comparing Eq. (3.1.1.2.15) with Eq. (3.1.1) and by recalling the definition (3.1.1.2.11), one
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obtains the following relations to hold at the non-BPS, Z 6= 0 critical points of VBH :
3
4
[
1
|Z|2
Ei(klmn)g
ijgkkgllgmmgnn(DjZ)(DkZ)(DlZ)(DmZ)DnZ
N3(Z)
]
non−BPS,Z 6=0
− 1 =
=
[
R(Z)
2|Z|2gtu(DtZ)DuZ
]
non−BPS,Z 6=0
=
= 2
[
R(Z)
gijCiknCjrsg
nlgkmgtrgus(DtZ)(DuZ)(DlZ)DmZ
]
non−BPS,Z 6=0
.
(3.1.1.2.17)
Let us now consider the case of homogeneous symmetric SK manifolds, in which the Ka¨hler-invariant
Riemann-Christoffel tensor Rijkl is covariantly constant
8. From this it follows that [88]:
DmRijkl = 0⇔ DiCjkl = D(iCj)kl = 0⇒ DmDiCjkl = 0⇔ DmDiCjkl = 0. (3.1.1.2.18)
This implies the global vanishing of the tensor Eijklm, yielding [88]
Cp(klCij)ng
nngppCnpm =
4
3
g(l|mC|ijk) ⇔ gnnR(i|m|j|nCn|kl) = −23g(i|mC|jkl). (3.1.1.2.19)
By recalling Eqs. (3.1.1.2.14) and (3.1.1.2.16), one obtains the following noteworthy relation, holding in
homogeneous symmetric SK manifolds:(
Z |Z|2
)
non−BPS,Z 6=0
=
i
6
[N3 (Z)]non−BPS,Z 6=0 , (3.1.1.2.20)
implying that
[
N3(Z)
Z
]
non−BPS,Z 6=0
has vanishing real part and strictly negative imaginary part, given by
−6 |Z|2non−BPS,Z 6=0. By recalling Eq. (3.1.1.2.9), Eq. (3.1.1.2.20) implies the value of the supersymmetry
breaking order parameter at non-BPS, Z 6= 0 critical points of VBH in homogeneous symmetric SK
manifolds to be
Onon−BPS,Z 6=0 = 3 =⇒ ∆non−BPS,Z 6=0 = 0. (3.1.1.2.21)
By recalling Eq. (3.1.1.2.15), one thus finally gets that
M2ADM,H,non−BPS,Z 6=0 = VBH,non−BPS,Z 6=0 = 4 |Z|2non−BPS,Z 6=0 =
2
3
i
[
N3 (Z)
Z
]
non−BPS,Z 6=0
,
(3.1.1.2.22)
where in the last step we used the relation (3.1.1.2.20). The result VBH,non−BPS,Z 6=0 = 4 |Z|2non−BPS,Z 6=0
has been firstly obtained, by exploiting group-theoretical methods, in [21].
Finally, by recalling Eq. (3.1.1.2.17) and using Eqs. (3.1.1.2.20) and (3.1.1.2.22), one obtains the
following relation, holding for homogeneous symmetric SK manifolds:
R (Z)|non−BPS,Z 6=0 = −6 |Z|4non−BPS,Z 6=0 . (3.1.1.2.23)
8Indeed, due to the reality of Rijkl in any Ka¨hler manifold, it holds that
DmRijkl = 0 ⇔ DmRijkl = 0.
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It is worth pointing out that, while Eq. (3.1.1.2.18) (holding globally) are peculiar to homoge-
neous symmetric SK manifolds, Eqs. (3.1.1.2.20)-(3.1.1.2.23) hold in general also for homogeneous non-
symmetric SK manifolds, in which the Riemann-Christoffel tensor Rijkl (and thus, through the SK
constraints, Cijk) is not covariantly constant. Indeed, as obtained in [28] for all the considered non-BPS,
Z 6= 0 critical points of VBH in homogeneous non-symmetric SK manifolds it holds that[
Ei(klmn)g
ijgkkgllgmmgnn
(
DjZ
)
(DkZ) (DlZ) (DmZ)DnZ
]
non−BPS,Z 6=0
= 0, (3.1.1.2.24)
which actually seems to be the most general (necessary and sufficient) condition in order for Eqs.
(3.1.1.2.20)-(3.1.1.2.23) to hold. Finally, it should be stressed that in [10] the result (3.1.1.2.21) and
thus VBH,non−BPS,Z 6=0 = 4 |Z|2non−BPS,Z 6=0 was obtained for a generic SK geometry with a cubic holo-
morphic prepotential (corresponding to the large volume limit of Type IIA on Calabi-Yau threefolds),
at least for the non-BPS, Z 6= 0 critical points of VBH satisfying the Ansatz
zinon−BPS,Z 6=0 = p
it (p, q) , ∀i = 1, ..., nV , (3.1.1.2.25)
where the zinon−BPS,Z 6=0s are the critical moduli, and t (p, q) is a purely charge-dependent quantity.
Furthermore, it is worth noticing that the general criticality conditions (3.1.5) of VBH can be recog-
nized to be the general Ward identities relating the gravitino mass Z, the gaugino masses DiDjZ and the
supersymmetry-breaking order parameters DiZ in a generic spontaneously broken supergravity theory
[102]. Indeed, away from 12 -BPS critical points (i.e. for DiZ 6= 0 for some i), the AEs (3.1.5) can be
re-expressed as follows (see also [32]): (
Mijhj
)
∂VBH=0
= 0, (3.1.1.2.26)
with
Mij ≡ DiDjZ + 2 Z[
gkk (DkZ)
(
DkZ
)] (DiZ) (DjZ) , (Ka¨hler weights (1,−1)), (3.1.1.2.27)
and
hj ≡ gjjDjZ, (Ka¨hler weights (−1, 1)). (3.1.1.2.28)
For a non-vanishing contravariant vector hj (i.e. away from 12 -BPS critical points, as pointed out
above), Eq. (3.1.1.2.26) admits a solution iff the nV × nV complex symmetric matrix Mij has vanishing
determinant (implying that it has at most nV −1 non-vanishing eigenvalues) at the considered (non-BPS)
critical points of VBH (however, notice that Mij is symmetric but not necessarily Hermitian, thus in
general its eigenvalues are not necessarily real). Such a reasoning holds for all non-BPS critical points
of VBH , i.e. for the classes II and III of the presented classification.
In general, non-BPS Z 6= 0 critical points of VBH in MnV are not necessarily stable, because the
2nV × 2nV (covariant) Hessian matrix (in (z, z)-coordinates) of VBH evaluated at such points is not
necessarily strictly positive-definite. An explicit condition of stability of non-BPS Z 6= 0 critical points
of VBH can be worked out in the nV = 1 case (see [17], [18], [26]).
In general, Eqs. (3.1.1.1.3) and conditions (3.1.1.2.1) imply the gaugino mass term, the λψ term
and the gravitino “apparent mass” term Zψψ to be non-vanishing, when evaluated at the considered
non-BPS Z 6= 0 critical points of VBH .
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Non-supersymmetric (non-BPS) with Z = 0
The non-supersymmetric (non-BPS) critical points of VBH with vanishing central charge are deter-
mined by the constraints
Z = 0, DiZ
Z=0= ∂iZ 6= 0, at least for some i ∈ {1, ..., nV } , (3.1.1.3.1)
which, substituted in Eqs. (3.1.8), yield:
Cijkg
jlgkm
(
DlZ
)
DmZ
Z=0= Cijkgjlgkm
(
∂lZ
)
∂mZ = 0, ∀i = 1, ..., nV . (3.1.1.3.2)
Such critical points are non-supersymmetric ones, but, differently from the class II considered above, they
correspond to an extremal, non-BPS BH background in which the horizon N = 2, d = 4 supersymmetry
algebra is not centrally extended. They are commonly named non-BPS Z = 0 critical points of VBH .
The horizon ADM squared mass corresponding to non-BPS Z = 0 critical points of VBH does not
saturate the BPS bound ([9], [14], [16]):
M2ADM,H,non−BPS,Z=0 = VBH,non−BPS,Z=0 =
=
{
gij (∂iZ) ∂jZ
}
non−BPS,Z=0
>
(
|Z|2
)
non−BPS,Z=0
= 0,
(3.1.1.3.3)
as far as gij is strictly positive-definite globally (or at least at the considered critical points of VBH).
Eqs. (3.1.1.3.2) suggest the following sub-classification of non-BPS Z = 0 critical points of VBH :
III.1) Critical points determined by the conditions
Z = 0,
DiZ
Z=0= ∂iZ 6= 0, at least for some i ∈ {1, ..., nV } ,
Cijk = 0,∀i, j, k,
(3.1.1.3.4)
directly solving Eqs. (3.1.1.3.2) and thus AEs (3.1.8). This is the only possible case for nV = 1.
In particular, non-BPS Z = 0 critical points of VBH do not exist at all in the nV = 1 case of the
so-called “d-SK geometries”, whose stringy origin is e.g. Type IIA on CY3 in the large volume limit of
CY3 (see e.g. [10]). Indeed, in such a case in special projective coordinates (with Ka¨hler gauge fixed
such that X0 ≡ 1) the holomorphic prepotential F and Wijk respectively read
F = dijkzizjzk;
Cijk = eKdijk,
(3.1.1.3.5)
and thus, for |K| <∞ at least at the considered critical points of VBH , the third of conditions (3.1.1.3.4)
cannot be satisfied.
III.2) Critical points determined by the conditions
Z = 0,
DiZ
Z=0= ∂iZ 6= 0, at least for some i ∈ {1, ..., nV } ,
Cijk 6= 0, at least for some (i, j, k) ∈ {1, ..., nV }3 ,
(3.1.1.3.6)
20
for which Eqs. (3.1.1.3.2), and thus AEs (3.1.8), are not trivially solved.
In general, non-BPS Z = 0 critical points of VBH in MnV are not necessarily stable, because the
2nV × 2nV (covariant) Hessian matrix (in (z, z)-coordinates) of VBH evaluated at such points is not
necessarily strictly positive-definite. An explicit condition of stability of non-BPS Z = 0 critical points
of VBH can be worked out in the nV = 1 case [26].
In general, Eqs. (3.1.1.1.3) and conditions (3.1.1.3.1) imply the the λψ term to be non-vanishing and
the gravitino “apparent mass” term Zψψ to vanish, when evaluated at the considered non-BPS Z = 0
critical points of VBH , characterized by vanishing ( class III.1) or non-vanishing (class III.2) gaugino
mass terms.
Non-BPS Z = 0 attractors in the so-called st2 and stu models [103, 104] have been recently studied
in [43], and their relation with the 12 -BPS attractors has been analyzed in light of the uplift to N = 8,
d = 4 supergravity.
3.2 Stability of Critical Points of VBH
3.2.1 nV -Moduli
In order to decide whether a critical point of VBH is an attractor in strict sense, one has to consider the
following condition:
HVBHR ≡ HVBHab ≡ DaDbVBH > 0 at DcVBH =
∂VBH
∂φc
= 0 ∀c = 1, ..., 2nV , (3.2.1.1)
i.e. the condition of (strict) positive-definiteness of the real 2nV ×2nV Hessian matrix HVBHR ≡ HVBHab of
VBH (which is nothing but the squared mass matrix of the moduli) at the critical points of VBH , expressed
in the real parameterization through the φ-coordinates. Since VBH is positive-definite, a stable critical
point (namely, an attractor in strict sense) is necessarily a(n at least local) minimum, and therefore it
fulfills the condition (3.2.1.1).
In general, HVBHR may be block-decomposed in nV × nV real matrices:
HVBHR =
 A C
CT B
 , (3.2.1.2)
with A and B being nV × nV real symmetric matrices:
AT = A, BT = B ⇔
(
HVBHR
)T
= HVBHR . (3.2.1.3)
In the local complex (z, z)-parameterization, the 2nV × 2nV Hessian matrix of VBH reads
HVBHC ≡ HVBHbibj ≡
 DiDjVBH DiDjVBH
DjDiVBH DiDjVBH
 =
 Mij Nij
Nij Mij
 , (3.2.1.4)
where the hatted indices ıˆ and ˆ may be holomorphic or antiholomorphic. HVBHC is the matrix actually
computable in the SKG formalism presented in Sect. 2 (see below, Eqs. (3.2.1.6) and (3.2.1.7)).
In general, 12 -BPS critical points are (at least local) minima of VBH , and therefore they are stable;
thus, they are attractors in strict sense. Indeed, the 2nV × 2nV (covariant) Hessian matrix HVBHC
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evaluated at such points is strictly positive-definite [5] :
(DiDjVBH) 1
2−BPS = (∂i∂jVBH) 12−BPS = 0,(
DiDjVBH
)
1
2−BPS
=
(
∂i∂jVBH
)
1
2−BPS
= 2
(
gijVBH
)
1
2−BPS
= 2 gij
∣∣∣
1
2−BPS
|Z|21
2−BPS > 0,
(3.2.1.5)
where here and below the notation “> 0” (“< 0”) is understood as strict positive-(negative-)definiteness.
The Hermiticity and (strict) positive-definiteness of the (covariant) Hessian matrix HVBHC at the
1
2 -BPS
critical points are due to the Hermiticity and - assumed - (strict) positive-definiteness (actually holding
globally) of the metric gij of the SK scalar manifold being considered.
On the other hand, non-BPS critical points of VBH does not automatically fulfill the condition
(3.2.1.1), and a more detailed analysis [21, 18] is needed.
Using the properties of SKG, one obtains:
Mij ≡ DiDjVBH = DjDiVBH = 4iZCijkgkk
(
DkZ
)
+ i (DjCikl) gkkgll
(
DkZ
) (
DlZ
)
;
(3.2.1.6)
Nij ≡ DiDjVBH = DjDiVBH = 2
[
gij |Z|2 + (DiZ)
(
DjZ
)
+ glnCiklCjmng
kkgmm
(
DkZ
)
(DmZ)
]
,
(3.2.1.7)
with DjCikl given by Eq. (2.19). Clearly, evaluating Eqs. (3.2.1.6) and (3.2.1.7) constrained by the
1
2 -BPS conditions DiZ = 0,∀i = 1, ..., nV , one reobtains the results (3.2.1.5). Here we limit ourselves
to point out that further noteworthy elaborations of Mij and Nij can be performed in homogeneous
symmetric SK manifolds, where DjCikl = 0 globally [21], and that the Ka¨hler-invariant (2, 2)-tensor
glnCiklCjmn can be rewritten in terms of the Riemann-Christoffel tensor Rijkm by using the so-called
“SKG constraints” (see the third of Eqs. (2.18)) [18]. Moreover, the differential Bianchi identities for
Rijkm imply Mij to be symmetric (see comment below Eqs. (2.18) and (2.19)).
Thus, one gets the following global properties:
MT =M, N † = N ⇔
(
HVBHC
)T
= HVBHC , (3.2.1.8)
implying that (
HVBHC
)†
= HVBHC ⇔M† =M, N T = N ⇔M =M, N = N . (3.2.1.9)
It should be stressed clearly that the symmetry but non-Hermiticity of HVBHC actually does not matter,
because what one is ineterested in are the eigenvalues of the real form HVBHR , which is real and symmetric,
and therefore admitting 2nV real eigenvalues.
The relation between HVBHR expressed by Eq. (3.2.1.2) and H
VBH
C given by Eq. (3.2.1.4) is expressed
by the following relations between the nV × nV sub-blocks of HVBHR and HVBHC [17, 29]: M =
1
2 (A− B) + i2
(C + CT ) ;
N = 12 (A+ B) + i2
(CT − C) , (3.2.1.10)
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or its inverse 
A = ReM+ReN ;
B = ReN −ReM;
C = ImM− ImN .
(3.2.1.11)
The structure of the Hessian matrix gets simplified at the critical points of VBH , because the covariant
derivatives may be substituted by the flat ones; the critical Hessian matrices in complex holomorphic/an-
tiholomorphic and real local parameterizations respectively read
HVBHC
∣∣∣
∂VBH=0
≡
 ∂i∂jVBH ∂i∂jVBH
∂j∂iVBH ∂i∂jVBH

∂VBH=0
=
 M N
N M

∂VBH=0
;(3.2.1.12)
HVBHR
∣∣∣
∂VBH=0
= ∂
2VBH
∂φa∂φb
∣∣∣
∂VBH=0
=
 A C
CT B

∂VBH=0
. (3.2.1.13)
Thus, the study of the condition (3.2.1.1) finally amounts to the study of the eigenvalue problem of
the real symmetric 2nV × 2nV critical Hessian matrix HVBHR
∣∣∣
∂VBH=0
given by Eq. (3.2.1.13), which is
the Cayley-transformed of the complex (symmetric, but not necessarily Hermitian) 2nV × 2nV critical
Hessian HVBHC
∣∣∣
∂VBH=0
given by Eq. (3.2.1.12).
3.2.2 1-Modulus
Once again, the situation strongly simplifies in nV = 1 SKG.
Indeed, for nV = 1 the moduli-dependent matrices A, B, C, M and N introduced above are simply
scalar functions. In particular, N is real, since C trivially satisfies C = CT . The stability condition
(3.2.1.1) can thus be written as
HVBHR ≡ DaDbVBH > 0, (a, b = 1, 2) at DcVBH =
∂VBH
∂φc
= 0 ∀c = 1, 2, (3.2.2.1)
and Eqs. (3.2.1.6) and (3.2.1.7) respectively simplify to
M≡ D2VBH = 4iZCg−1DZ + i (DC) g−2
(
DZ
)2
; (3.2.2.2)
N ≡ DDVBH = DDVBH = 2
[
g |Z|2 + |DZ|2 + |C|2 g−3 |DZ|2
]
, (3.2.2.3)
DC being given by the case nV = 1 of Eq. (2.19):
DC = ∂C + [(∂K) + 3Γ]C = ∂C + [(∂K)− 3∂ln (g)]C =
{
∂ +
[
∂ln
(
eK(
∂∂K
)3
)]}
C, (3.2.2.4)
where the nV = 1 Christoffel connection
Γ = −g−1∂g = −∂ln (g) (3.2.2.5)
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was used. It is easy to show that the stability condition (3.2.2.1) for critical points of VBH in nV = 1
SKG can be equivalently reformulated as the strict bound
N|∂VBH=0 > |M|∂VBH=0 . (3.2.2.6)
Let us now see how such a bound can be further elaborated for the three possible classes of critical points
of VBH .
1
2 -BPS
M 1
2−BPS ≡ D
2VBH
∣∣
1
2−BPS
=
[
3ZD2Z + g−1
(
D3Z
)
DZ
]
1
2−BPS
= 0;
(3.2.2.1.1)
N 1
2−BPS ≡ DDVBH
∣∣
1
2−BPS
=
[
2g |Z|2 + g−1 ∣∣D2Z∣∣2]
1
2−BPS
= 2
(
g |Z|2
)
1
2−BPS
.
(3.2.2.1.2)
Eqs. (3.2.2.1.1) and (3.2.2.1.2) are nothing but the 1-modulus case of Eq. (3.2.1.5), and they directly
satisfy the bound (3.2.2.6). Thus, consistently with what stated above, the 12 -BPS class of critical points
of VBH actually is a class of attractors in strict sense (at least local minima of VBH).
Non-BPS, Z 6= 0
Mnon−BPS,Z 6=0 ≡ D2VBH
∣∣
non−BPS,Z 6=0 =
= −2
{
g−1ZDZ
[
g−2 |C|2Dln (Z) + gDln (C)
]}
non−BPS,Z 6=0
=
= i
{
Cg−3
(
DZ
)2 [
g−2 |C|2Dln (Z) + gDln (C)
]}
non−BPS,Z 6=0
;
(3.2.2.2.1)
Nnon−BPS,Z 6=0 ≡ DDVBH
∣∣
non−BPS,Z 6=0 = DDVBH
∣∣
non−BPS,Z 6=0 =
= 2
{
|DZ|2
[
1 + 54g
−3 |C|2
]}
non−BPS,Z 6=0
.
(3.2.2.2.2)
Eq. (3.2.2.2.1) yields that
|M|2non−BPS,Z 6=0 =
= 4
{
|DZ|4
[
|C|4 g−6 + 14g−4 |DC|2 + 2g−3Re
[
C
(
DC
)
Dln (Z)
]]}
non−BPS,Z 6=0
.
(3.2.2.2.3)
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By substituting Eqs. (3.2.2.2.2) and (3.2.2.2.3) into the strict inequality (3.2.2.6), one finally obtains the
stability condition for non-BPS, Z 6= 0 critical points of VBH in nV = 1 SKG [17]:
Nnon−BPS,Z 6=0 > |M|non−BPS,Z 6=0 ; (3.2.2.2.4)
m
1 +
5
4
(
|C|2 g−3
)
non−BPS,Z 6=0
>
√[
|C|4 g−6 + 1
4
g−4 |DC|2 + 2g−3Re [C (DC) (DlnZ)]]
non−BPS,Z 6=0
.
(3.2.2.2.5)
As it is seen from such a condition, in general (DC)non−BPS,Z 6=0 is the fundamental geometrical quantity
playing a key role in determining the stability of non-BPS, Z 6= 0 critical points of VBH in 1-modulus
SK geometry.
Non-BPS, Z = 0
Mnon−BPS,Z=0 ≡ D2VBH
∣∣
non−BPS,Z=0 = i
[
g−2 (∂C)
(
∂Z
)2]
non−BPS,Z=0
;
(3.2.2.3.1)
Nnon−BPS,Z=0 ≡ DDVBH
∣∣
non−BPS,Z=0 = 2 |∂Z|
2
non−BPS,Z=0 ,
(3.2.2.3.2)
where Eqs. (3.1.1.3.6) and (3.1.1.3.4) have been used. Eq. (3.2.2.3.1) yields that
|M|non−BPS,Z=0 =
[
g−2 |∂C| |∂Z|2
]
non−BPS,Z=0
. (3.2.2.3.3)
By substituting Eqs. (3.2.2.3.2) and (3.2.2.3.3) into the strict inequality (3.2.2.6), one finally obtains the
stability condition for non-BPS, Z = 0 critical points of VBH in nV = 1 SKG:
Nnon−BPS,Z=0 > |M|non−BPS,Z=0 ; (3.2.2.3.4)
m
2g2non−BPS,Z=0 > |∂C|non−BPS,Z=0 . (3.2.2.3.5)
Even though the stability condition (3.2.2.3.5) have been obtained by correctly using Eqs. (3.1.1.3.6)
and (3.1.1.3.4), holding at the non-BPS, Z = 0 critical points of VBH , in some cases it may happen that,
in the limit of approaching the non-BPS, Z = 0 critical point of VBH , in DC (given by Eq. (3.2.2.4)) the
“connection term” [(∂K) + 3Γ]C is not necessarily sub-leading with respect to the “differential term”
∂C. Thus, the condition (3.2.2.3.5) can be rewritten as follows:
2
(
∂∂K
)2
non−BPS,Z=0 > |{∂ + [(∂K)− 3∂ln (g)]}C|non−BPS,Z=0 =
=
∣∣∣∣{∂ + [∂ln( eK(∂∂K)3
)]}
C
∣∣∣∣
non−BPS,Z=0
.
(3.2.2.3.6)
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Remark
Let us consider the 1-modulus stability conditions (3.2.2.2.4) and (3.2.2.3.5)-3.2.2.3.6). It is immediate
to realize that they are both satisfied when the function C is globally covariantly constant:
DC = ∂C + [(∂K) + 3Γ]C = 0, (3.2.2.4.1)
i.e. for the so-called homogeneous symmetric (dimC = nV = 1) SK geometry [87, 88], univoquely
associated to the coset manifold SU(1,1)U(1) . Such a SK manifold can be twofold characterized as:
i) the n = 0 element of the irreducible rank-1 infinite sequence SU(1,1+n)U(1)⊗SU(1+n) (with nV = n+ rank =
n+1), or equivalently the n = −2 element of the reducible rank-3 infinite sequence SU(1,1)U(1) ⊗ SO(2,2+n)SO(2)⊗SO(2+n)
(with nV = n + rank = n + 3). In such a case,
SU(1,1)
U(1) is endowed with a quadratic holomorphic
prepotential function reading (in a suitable projective special coordinate, with Ka¨hler gauge fixed such
that X0 = 1; see [21] and Refs. therein)
F(z) = i
2
(
z2 − 1) . (3.2.2.4.2)
By recalling the first of Eqs. (2.18), such a prepotential yields C = 0 globally (and thus Eq. (3.2.2.4.1)),
and therefore, by using the SKG constraints (i.e. the third of Eqs. (2.18)) it yields also the constant
scalar curvature
R ≡ g−2R = −2, (3.2.2.4.3)
where R ≡ R1111 denotes the unique component of the Riemann tensor. As obtained in [21], quadratic
(homogeneous symmetric) SK geometries only admit 12 -BPS and non-BPS, Z = 0 critical points of
VBH . Thus, it can be concluded that the 1-dim. quadratic SK geometry determined by the prepotential
(3.2.2.4.2) admits all stable critical points of VBH .
ii) the rank-1 s = t = u ≡ z degeneration of the so-called stu model [103, 104] (n = 0 element of
the reducible rank-3 infinite sequence SU(1,1)U(1) ⊗ SO(2,2+n)SO(2)⊗SO(2+n) ), or equivalently the rank-1 s = t ≡ z
degeneration of the so-called st2 model (n = −1 element of SU(1,1)U(1) ⊗ SO(2,2+n)SO(2)⊗SO(2+n) ), or also as an
isolated case in the classification of homogeneous symmetric SK manifolds (see e.g. [105]). In such a
case, SU(1,1)U(1) is endowed with a cubic holomorphic prepotential function reading (in a suitable projective
special coordinate, with Ka¨hler gauge fixed such that X0 = 1; see e.g. [21] and Refs. therein)
F(z) = %z3, % ∈ C, (3.2.2.4.4)
constrained by the condition Im (z) < 0. It admits an uplift to pure N = 2 supergravity in d = 5. By
recalling the first of Eqs. (2.18), such a prepotential yields C = 6%eK (and thus Eq. (3.2.2.4.1)), and
consequently it also yields the constant scalar curvature
R ≡ g−2R = g−2
(
−2g2 + g−1 |C|2
)
= −2
3
, (3.2.2.4.5)
where the SKG constraints (i.e. the third of Eqs. (2.18)) and the global value9 |C|2 g−3 = 43 have been
used. As it can be computed (see e.g. [32]), the 1-dim. SK geometry determined by the prepotential
9The global value |C|2 g−3 = 4
3
for homogeneous symmetric cubic nV = 1 SK geometries is yielded by the nV = 1 case
of Eq. (3.1.1.2.19).
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(3.2.2.4.4) admits, beside the (stable) 12 -BPS ones, stable non-BPS Z 6= 0 critical points of VBH . Thus,
it is another example in which all critical points of VBH actually are attractors in a strict sense.
Clearly, the quadratic and cubic homogeneous symmetric 1-modulus SK geometries (respectively
determined by holomorphic prepotentials (3.2.2.4.2) and (3.2.2.4.4)) are not the only ones (with nV = 1)
admitting stable non-BPS critical points of VBH . For instance, as studied in [26], the 1-modulus SK
geometries of the moduli space of the (mirror) Fermat CY3 quintic M′5 and octic M′8 admit, in a suitable
neighbourhood of the LG point, stable non-BPS (Z 6= 0) critical points of VBH .
It is worth remarking that recent works [33, 36, 46] gave a complete treatment of the issue of stability
of non-BPS attractors in the framework of homogeneous SKGs, finding that the massless modes of the
non-BPS Hessian matrix actually are “flat directions” of VBH at the considered class of critical points.
This means that non-BPS attractors in N = 2, d = 4 supergravity have a related moduli space, spanned
by those moduli which are not stabilized at the BH horizon. However, it should be pointed out that
such an emergence of moduli spaces do not violate the Attractor Mechanism and/or the determinacy of
BH thermodinamical properties, because the non-BPS BH entropy simply does not depend on the scalar
degrees of freedom spanning the moduli space of the considered class (Z 6= 0 or Z = 0) of non-BPS
critical points of VBH . Such considerations hold also for N > 2-extended, d = 4 supergravities (where
also BPS attractors can have a related moduli space), and in general in all theories with an homogeneous
(not necessarily symmetric) scalar manifold [33, 40, 46, 49].
3.3 N = 2, d = 4 General Formulation
3.3.1 Special Ka¨hler Geometry Identities
We will now derive some important identities of the SK geometry [106, 9, 14, 17, 18, 23] of the scalar
manifold of N = 2, d = 4 ungauged supergravity. Such identities extend the results obtained by Ferrara
and Kallosh in [3].
Let us start by considering the covariant antiholomorphic derivative of Z; by recalling the definition
(2.2) and using the second of Ansa¨tze (2.21), one gets
DjZ = qΛDiL
Λ − pΛNΛ∆DjL
∆
. (3.3.1.1)
The contraction of both sides with gijDiLΣ then yields
gij
(
DiL
Σ
)
DjZ = qΛg
ij
(
DiL
Σ
)
DjL
Λ − pΛNΛ∆gij
(
DiL
Σ
)
DjL
∆
. (3.3.1.2)
By exploiting the symmetry of NΛΣ and its inverse (see Eq. (2.23) and Eq. (3.4.1.9) further below, as
well), recalling the first of the Ansa¨tze (2.21), and using the result of SK geometry (see e.g. [64])
gij
(
DiL
Λ
)
DjL
Σ
= −1
2
(ImN )−1|ΛΣ − LΛLΣ, (3.3.1.3)
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Eq.(3.3.1.2) can be further elaborated as follows:
gij
(
DiL
Σ
)
DjZ = qΛ
[
− 12 (ImN )−1|ΣΛ − L
Σ
LΛ
]
− pΛNΛ∆
[
− 12 (ImN )−1|Σ∆ − L
Σ
L∆
]
=
= − 12 (ImN )−1|ΣΛ qΛ − L
Σ (
LΛqΛ −MΛpΛ
)
+ 12 (ImN )−1|Σ∆ (ReN∆Λ) pΛ + i2pΣ =
= i2p
Σ − LΣZ + 12 (ImN )−1|Σ∆ (ReN∆Λ) pΛ − 12 (ImN )−1|ΣΛ qΛ.
(3.3.1.4)
Now, by subtracting to the expression (3.3.1.4) its complex conjugate, one gets
pΛ = 2Re
[
iZLΛ + igij (DiZ)DjL
Λ
]
= −2Im
[
ZLΛ + gij (DiZ)DjL
Λ
]
. (3.3.1.5)
On the other hand, by using the second of Ansa¨tze (2.21), the contraction of both sides of Eq.
(3.3.1.1) with gijDjMΣ analogously yields
gij (DiMΣ)DjZ = qΛg
ij (DiMΣ)DjL
Λ − pΛNΛ∆gij (DiMΣ)DjL
∆
=
= qΛgijNΣ∆
(
DiL
∆
)
DjL
Λ − pΛNΛ∆gijNΣΞ
(
DiL
Ξ
)
DjL
∆
.
(3.3.1.6)
Once again, by exploiting the symmetry of NΛΣ and its inverse, recalling the first of the Ansa¨tze (2.21),
and using Eq. (3.3.1.3), Eq. (3.3.1.6) can be further elaborated as follows:
gij (DiMΣ)DjZ = qΛNΣ∆
[
− 12 (ImN )−1|∆Λ − L
∆
LΛ
]
− pΛNΛ∆NΣΞ
[
− 12 (ImN )−1|Ξ∆ − L
Ξ
L∆
]
=
= − 12 (ImN )−1|∆Λ (ReNΣ∆) qΛ + i2qΣ −MΣZ + 12 (ImN )−1|Ξ∆ (ReNΣΞ) (ReNΛ∆) pΛ + 12 (ImNΛΣ) pΛ.
(3.3.1.7)
Thence, by subtracting to the expression (3.3.1.7) its complex conjugate, one gets
qΛ = 2Re
[
iZMΛ + igij (DiZ)DjMΛ
]
= −2Im
[
ZMΛ + gij (DiZ)DjMΛ
]
. (3.3.1.8)
By expressing the identities (3.3.1.5) and (3.3.1.8) in a vector Sp (2nV + 2)-covariant notation, one
finally gets  pΛ
qΛ
 = −2Im
Z
 LΛ
MΛ
+ gijDiZ
 DjL
Λ
DjMΛ

 ,
(3.3.1.9)
or in compact form
QT = −2Im
[
ZV + gij (DiZ)DjV
]
, (3.3.1.10)
where we recalled the definitions (1.1) and (2.4) of the (2nV + 2)× 1 vectors QT and V , respectively.
It is worth pointing out that the vector identity (3.3.1.10) has been obtained only by using the
properties of the SK geometry. The relations yielded by the identity (3.3.1.10) are 2nV + 2 real ones,
but they have been obtained by starting from an expression for DiZ, corresponding to nV complex,
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and therefore 2nV real, degrees of freedom. The two redundant real degrees of freedom are encoded
in the homogeneity (of degree 1) of the identity (3.3.1.10) under complex rescalings of the symplectic
BH charge vector Q; indeed, by recalling the definition (2.2) it is immediate to check that the r.h.s. of
identity (3.3.1.10) acquires an overall factor λ under a global rescaling of Q of the kind
Q −→ λQ, λ ∈ C. (3.3.1.11)
The summation of the expressions (3.3.1.4) and (3.3.1.7) with their complex conjugates respectively
yields
(ImN )−1|∆Λ (ReN∆Σ) pΣ − (ImN )−1|ΛΣ qΣ = 2Re
[
ZLΛ + gij (DiZ)DjL
Λ
]
;
(3.3.1.12)[
ImNΛΣ + (ImN )−1|Ξ∆ (ReNΛΞ)ReNΣ∆
]
pΣ − (ImN )−1|∆Σ (ReNΛ∆) qΣ =
= 2Re
[
ZMΛ + gij (DiZ)DjMΛ
]
.
(3.3.1.13)
In order to elaborate a shorthand notation for the obtained SKG identities (3.3.1.5), (3.3.1.8) and
(3.3.1.12), (3.3.1.13), let us now reconsider the starting expressions (3.3.1.4) and (3.3.1.7), respectively
reading [
δΛΣ − i (ImN )−1|Λ∆ReN∆Σ
]
pΣ + i (ImN )−1|ΛΣ qΣ = −2iLΛZ − 2igij
(
DjZ
)
DiL
Λ;
(3.3.1.14)
−i
[
(ImN )−1|Ξ∆ (ReNΛΞ)ReNΣ∆ + ImNΛΣ
]
pΣ +
[
δΣΛ + i (ImN )−1|∆ΣReNΛ∆
]
qΣ =
= −2iMΛZ − 2igij
(
DjZ
)
DiMΛ.
(3.3.1.15)
Thus, the identities (3.3.1.14) and (3.3.1.15) may be recast as the following fundamental (2nV + 2)× 1
vector identity, defining the geometric structure of SK manifolds [106, 9, 14, 17, 18, 23]:
QT − iM (N )QT = −2iV Z − 2igij
(
DjZ
)
DiV. (3.3.1.16)
The (2nV + 2)× (2nV + 2) real symmetric matrix M (N ) is defined as [64, 3, 4]
M (N ) =M (ReN , ImN ) ≡
(
ImN + (ReN ) (ImN )−1ReN − (ReN ) (ImN )−1
− (ImN )−1ReN (ImN )−1
)
, (3.3.1.17)
where NΛΣ is defined by Eq. (2.23). It is worth recalling that M (N ) is symplectic with respect to the
symplectic metric , i.e. it satisfies ((M (N ))T =M (N ))
M (N ) M (N ) = . (3.3.1.18)
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By using Eqs. (2.7), (2.24), (2.25) and (2.26), the identity (3.3.1.16) implies the following relations:
〈
V,QT − iM (N )QT 〉 = −2Z;〈
V ,QT − iM (N )QT 〉 = 0;〈
DiV,Q
T − iM (N )QT 〉 = 0;〈
DiV ,Q
T − iM (N )QT 〉 = −2DiZ.
(3.3.1.19)
There are only 2nV independent real relations out of the 4nV + 4 real ones yielded by the 2nV + 2
complex identities (3.3.1.16). Indeed, by taking the real and imaginary part of the SKG vector identity
(3.3.1.16) one respectively obtains
QT = −2Re
[
iZV + igij
(
DjZ
)
DiV
]
= −2Im
[
ZV + gij (DiZ)DjV
]
; (3.3.1.20)
M (N )QT = 2Im
[
iZV + igij
(
DjZ
)
DiV
]
= 2Re
[
ZV + gij (DiZ)DjV
]
. (3.3.1.21)
Consequently, the imaginary and real parts of the SKG vector identity (3.3.1.16) are linearly dependent
one from the other, being related by the (2nV + 2)× (2nV + 2) real matrix
M (N ) =
(
(ImN )−1ReN − (ImN )−1
ImN + (ReN ) (ImN )−1ReN − (ReN ) (ImN )−1
)
. (3.3.1.22)
Put another way, Eqs. (3.3.1.20) and (3.3.1.21) yield
Re
[
ZV + gij
(
DjZ
)
DiV
]
= M (N ) Im
[
ZV + gij
(
DjZ
)
DiV
]
, (3.3.1.23)
expressing the fact that the real and imaginary parts of the quantity ZV + gij
(
DjZ
)
DiV are simply
related through a finite symplectic rotation given by the matrix M (N ) (see Eq. (3.4.1.10) further
below), whose simplecticity directly follows from the symplectic nature ofM (N ). Eq. (3.3.1.23) reduces
the number of independent real relations implied by the identity (3.3.1.16) from 4nV + 4 to 2nV + 2.
Two additional real degrees of freedom are scaled out by the complex rescaling (3.3.1.11).
This is clearly consistent with the fact that the 2nV + 2 complex identities (3.3.1.16) express nothing
but a change of basis of the BH charge configurations, between the Ka¨hler-invariant 1 × (2nV + 2)
symplectic (magnetic/electric) basis vector Q defined by Eq. (1.1) and the complex, moduli-dependent
1× (nV + 1) matter charges vector (with Ka¨hler weights (1,−1))
Z (z, z) ≡ (Z (z, z) , Zi (z, z))i=1,...,nV . (3.3.1.24)
It should be recalled that the BH charges are conserved due to the overall (U(1))nV +1 gauge-invariance
of the system under consideration, and Q and Z (z, z) are two equivalent basis for them. Their very
equivalence relations are given by the SKG identities (3.3.1.16) themselves. By its very definition (1.1),
Q is moduli-independent (at least in a stationary, spherically symmetric and asymptotically flat extremal
BH background, as it is the case being treated here), whereas Z is moduli-dependent, since it refers to the
eigenstates of the N = 2, d = 4 supergravity multiplet and of the nV Maxwell vector supermultiplets.
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3.3.2 “New Attractor” Approach
The evaluation of the (real part of the) fundamental SK geometrical identities (3.3.1.9) and (3.3.1.10)
along the constraints determining the various classes of critical points of VBH inMnV allows one to obtain
a completely equivalent form of the AEs for extremal (static, spherically symmetric, asymptotically flat)
BHs in N = 2, d = 4 ungauged supergravity, which may be simpler in some cases (see also [26] for the
treatment of an explicit case).
I) Supersymmetric ( 12 -BPS) critical points. By evaluating the identities (3.3.1.9) and (3.3.1.10) along
the constraints (3.1.1.1.1), one obtains pΛ
qΛ
 = −2Im
eK/2Z
 XΛ
FΛ

1
2−BPS
, (3.3.2.1)
or in compact form
QT = −2Im
[
eK/2ZΠ
]
1
2−BPS
.
Eqs. (3.3.2.1) and (3.3.2.2) are equivalent, purely algebraic forms of the 12 -BPS extremal BH AEs,
given by the (partly differential) conditions (3.1.1.1.1). By inserting as input the BH charge configuration
Q ≡ (pΛ, qΛ) and the covariantly holomorphic sections LΛ and MΛ of the U(1)-bundle over MnV ,
Eqs. (3.3.2.1) and (3.3.2.2) give as output (if any) the purely charge-dependent 12 -BPS critical points(
zi1
2−BPS
(p, q) , zi1
2−BPS
(p, q)
)
of VBH .
By looking at Eqs. (3.3.2.1) and (3.3.2.2), it is easy to realize that 12 -BPS critical points of VBH with
Z = 0 (which are degenerate, yielding VBH, 12−BPS = 0) correspond to the trivial case of all vanishing
magnetic and electric BH charges. This means that (static, spherically symmetric, asymptotically flat)
extremal BHs with 12 -BPS attractor horizon scalar configurations with Z = 0 (i.e. with no central
extension of the N = 2, d = 4 horizon supersymmetry algebra) cannot be described by the classical
extremal BH Attractor Mechanism encoded by Eqs. (3.3.2.1) and (3.3.2.2). They are a particular case
of the so-called ”small” extremal BHs, which are classically degenerate, acquiring a non-vanishing, finite
horizon area and entropy only taking into account quantum/higher-derivative corrections.
It is worth pointing out that Eqs. (3.3.2.1) and (3.3.2.2) are purely algebraic ones, whereas Eqs.
(3.1.1.1.1) are (partly) differential, thus, in general, more complicated to be solved. Consequently, at
least in the 12 -BPS case, the “new attractor” approach is simpler of the “criticality conditions” approach
to the search of critical points of VBH .
II) Non-BPS Z 6= 0 critical points. By evaluating the identities (3.3.1.9) and (3.3.1.10) along the
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constraints (3.1.1.2.1) and (3.1.1.2.2), one obtains
 pΛ
qΛ
 =
= 2Im
eK/2
Z
 XΛ
FΛ
+ i2 Z|Z|2Cijkgiigjjgkk (DjZ) (DkZ)
 DiXΛ
DiFΛ

non−BPS,Z 6=0
,
(3.3.2.2)
or in compact form
QT = 2Im
{
eK/2
[
ZΠ +
i
2
Z
|Z|2Cijkg
iigjjgkk (DjZ) (DkZ)DiΠ
]}
non−BPS,Z 6=0
.
(3.3.2.3)
Eqs. (3.3.2.2) and (3.3.2.3) are equivalent forms of the non-BPS Z 6= 0 extremal BH AEs, given by the
(partly differential) conditions (3.1.1.2.1) and (3.1.1.2.2). By inserting as input the BH charge configura-
tion Q, the covariantly holomorphic sections LΛ and MΛ, the Ka¨hler potential K (and consequently the
contravariant metric tensor gij) and the completely symmetric, covariantly holomorphic rank-3 tensor
Cijk, Eqs. (3.3.2.2) and (3.3.2.3) give as output (if any) the purely charge-dependent non-BPS Z 6= 0
critical points
(
zinon−BPS,Z 6=0 (p, q) , z
i
non−BPS,Z 6=0 (p, q)
)
of VBH . Notice that, differently from Eqs.
(3.3.2.1) and (3.3.2.2), Eqs. (3.3.2.2) and (3.3.2.3) are not purely algebraic. Thus, in the non-BPS Z 6= 0
case the (computational) simplification in the search of critical points of VBH obtained by exploiting the
“new attractor” approach rather than the “criticality conditions” approach is model-dependent.
It is interesting to point out that, as it is evident by looking for instance at Eq. (3.3.2.3), at the non-
BPS Z 6= 0 critical points of VBH the coefficients of Π and DiΠ in the AEs have the same holomorphicity
in the central charge Z, i.e. they can be expressed only in terms of Z and DiZ, without using Z and
DiZ. Such a fact does not happen in a generic point of MnV , as it is seen from the global identity
(3.3.1.10). As it is evident, the price to be paid in order to obtain the same holomorphicity in Z at
the non-BPS Z 6= 0 critical points of VBH is the fact that the coefficient of DiΠ is not linear in some
covariant derivative of Z any more, also explicitly depending on the rank-3 covariantly antiholomorphic
tensor Cijk.
III) Non-BPS Z = 0 critical points. By evaluating the identities (3.3.1.9) and (3.3.1.10) along the
constraints (3.1.1.3.1) and (3.1.1.3.2), one obtains pΛ
qΛ
 = 2Im
eK/2
gij (∂jZ)
 DiXΛ
DiFΛ

non−BPS,Z=0
, (3.3.2.4)
or in compact form
QT = 2Im
{
eK/2
[
gij
(
∂jZ
)
DiΠ
]}
non−BPS,Z=0
. (3.3.2.5)
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Eqs. (3.3.2.4) and (3.3.2.5) are equivalent forms of the non-BPS Z = 0 extremal BH AEs, given
by the (partly differential) conditions (3.1.1.3.1) and (3.1.1.3.2). By inserting as input the BH charge
configuration Q, the covariantly holomorphic sections LΛ and MΛ, and the Ka¨hler potential K (and
consequently the contravariant metric tensor gij), Eqs. (3.3.2.4) and (3.3.2.5) give as output (if any)
the purely charge-dependent non-BPS Z = 0 critical points
(
zinon−BPS,Z=0 (p, q) , z
i
non−BPS,Z=0 (p, q)
)
of VBH . Differently from Eqs. (3.3.2.1) and (3.3.2.2), and similarly to Eqs. (3.3.2.2) and (3.3.2.3), Eqs.
(3.3.2.4) and (3.3.2.5) are not purely algebraic. Thus, in the non-BPS Z = 0 case the (computational)
simplification in the search of critical points of VBH obtained by exploiting the “new attractor” approach
rather than the “criticality conditions” approach is model-dependent.
3.4 Type IIB Superstrings on CY3
3.4.1 Hodge Decomposition of H3
We consider Type IIB superstring theory compactified on a Calabi-Yau threefold (CY3) [107, 108, 64, 66],
determining an effective N = 2, d = 4 ungauged supergravity with a number nV of Abelian vector
multiplets. Within such a framework, the CY3 has a complex structure (CS) moduli space (of complex
dimension nV = h2,1 ≡ dim
(
H2,1 (CY3)
)
, where H2,1 is the (2, 1)-cohomology group of the considered
manifold), which is a special Ka¨hler (SK) manifold.
We introduce a10 b3-dim. real (manifestly symplectic-covariant) basis of the third real11 cohomology
H3 (CY3,R), given by the set of real 3-forms
{
αΛ, β
Λ
}
(Λ = 0, 1, ..., h2,1 throughout) satisfying12∫
CY3
αΛ ∧ αΣ = 0,
∫
CY3
βΛ ∧ βΣ = 0,
∫
CY3
αΛ ∧ βΣ = δΣΛ . (3.4.1.1)
By Poincare`-duality on CY3, we may correspondingly introduce the b3-dim. real (manifestly symplectic-
covariant) basis of the third real homology H3 (CY3,R), given by the set of real 3-cycles
{
AΛ, BΛ
}
satisfying ∫
AΛ
αΣ = δΛΣ,
∫
AΛ
βΣ = 0,
∫
BΛ
αΣ = 0,
∫
BΛ
βΣ = −δΣΛ . (3.4.1.2)
The CY3 is endowed with a (nowhere-vanishing) holomorphic 3-form
Ω3 (z) ≡ XΛ (z)αΛ − FΛ (z)βΛ ∈ H3,0 (CY3) , (3.4.1.3)
where ”z” denotes the functional dependence on the CS moduli
{
zi, zi
}
(i = 1, ..., h2,1 throughout), and{
XΛ, FΛ
}
stands for the basis of symplectic holomorphic fundamental periods of Ω3 around the 3-cycles{
AΛ, BΛ
}
, respectively:
XΛ (z) ≡
∫
AΛ
Ω3 (z) , FΛ (z) ≡
∫
BΛ
Ω3 (z) . (3.4.1.4)
Ω3, as well as its fundamental periods, has Ka¨hler weights (2, 0):
DiΩ3 = ∂iΩ3 + (∂iK) Ω3,
DiΩ3 = ∂iΩ3 = 0,
(3.4.1.5)
10b3 = 2h2,1 + 2 is the so-called third Betti number of the CY3.
11In the strict quantum regime, one should consider the third integer cohomology H3 (CY3,Z). The present
(semi)classical treatment deal with the large charges limit and thus consistently consider real, unquantized, rather than
integer, quantized quantities.
12Recall that the ∧ (”wedge”) product among odd-forms is odd, whereas the one among even-forms (and among odd-
and even-forms) is even.
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where K is the real Ka¨hler potential in the h2,1-dim. SK CS moduli space of CY3.
Type IIB compactified on CY3 is characterized by a real 5-form
Z ≡ FΛαΛ − GΛβΛ, (3.4.1.6)
where FΛ is the space-time 2-form given by the Abelian field-strengths (Λ = 0 pertains to the gravipho-
ton, whereas Λ = i corresponds to the Maxwell vector supermultiplets), and GΛ is the corresponding
”dual” space-time 2-form, in the sense of Legendre transform:
GΛ ≡ δL
δFΛ = (ReNΛΣ)F
Σ +
1
2
(ImNΛΣ)
∗ FΣ. (3.4.1.7)
∗FΣ denotes the Hodge ∗-dual of FΛ, defined in components as follows (the space-time indices µ, ν run
0, 1, 2, 3 throughout):
∗FΛµν ≡
1
2
µνρσFΛ|ρσ = 12G
ρλGστ µνρσFΛλτ , (3.4.1.8)
where µνρσ is the d = 4 completely antisymmetric Ricci-Levi-Civita tensor, and Gµν is the d = 4 space-
time completely contravariant metric tensor. L stands for the (bosonic sector of the) N = 2, d = 4
ungauged supergravity Lagrangian density:
L = −R
2
+ gij
(
∂µz
i
) (
∂νz
j
)
Gµν +
1
4
(ImNΛΣ)GµλGνρFΛµνFΛλρ +
1
4
(ReNΛΣ)GµλGνρFΛµν∗FΛλρ.
(3.4.1.9)
The Hodge ∗-duality acts as a symplectic Sp (2h1,2 + 2,R) rotation on the basis
{
αΛ, β
Λ
}
:( ∗αΛ
∗βΛ
)
= S
(
αΛ
βΛ
)
, S ≡ −M (N ) , ST S = . (3.4.1.10)
where  is the (2h1,2 + 2)-dim. symplectic metric defined in Eq. (2.3), M (N ) is the real, symplectic
matrix defined by Eq. (3.3.1.17). Notice that S is nothing but the opposite of the matrix given by Eq.
(3.3.1.22). It can be shown that Z is Hodge ∗-self-dual:
∗Z = Z. (3.4.1.11)
Whenever the relevant integrations over internal manifold CY3 and over space-time make sense,
manifestly symplectic-covariant magnetic and electric charges can be introduced as the asymptotical
”space-dressings” of a suitable contraction of Z over the symplectic 3-cycles of CY3, i.e. as the asymp-
totical fluxes of the space-time 2-forms corresponding to the components of Z along the symplectic basis{
AΛ, BΛ
}
of H3 (CY3,R), respectively:
pΛ ≡ 14pi
∫
AΛ×S2∞ Z =
1
4pi
∫
AΛ×S2∞
(FΣαΣ − GΣβΣ) = 14pi ∫S2∞ FΛ;
qΛ ≡ 14pi
∫
BΛ×S2∞ Z =
1
4pi
∫
BΛ×S2∞
(FΣαΣ − GΣβΣ) = 14pi ∫S2∞ GΛ,
(3.4.1.12)
where S2∞ denotes the 2-sphere at spatial infinity
13.
13Consistently with (a proper subset of) the solutions of N = 2, d = 4 ungauged supergravity, the space-time metric is
assumed to be static, spherically symmetric, and asymptotically flat. In such a framework, ”spatial infinity” corresponds
to r →∞, where r is the radial coordinate.
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{
pΛ, qΛ
}
can be seen as the components (along the real symplectic basis
{
αΛ, β
Λ
}
of H3 (CY3,R))
of the real flux 3-form H3, defined as the asymptotical ”space-dressing” of Z:
H3 ≡ 14pi
∫
S2∞
Z = pΛαΛ − qΛβΛ ∈ H3 (CY3,R) . (3.4.1.13)
{
pΛ, qΛ
}
are the physical charges, and they are conserved, due to the overall (U(1))h2,1+1 gauge symmetry
of the considered framework. They respectively are the magnetic and electric charges of the (U(1))h2,1+1
gauge group of the (symplectic) real parameterization of H3 (CY3,R), which however is not the only
possible one.
Indeed, in general the third real cohomology H3 (CY3,R) can be Hodge-decomposed along the third
Dalbeault cohomogy of CY3 as follows:
H3 (CY3,R) = H3,0 (CY3)⊕s H2,1 (CY3)⊕s H1,2 (CY3)⊕s H0,3 (CY3) , (3.4.1.14)
corresponding to perform a change of basis from the symplectic real basis to the Dalbeault basis:{
αΛ, β
Λ
} −→ {Ω3, DiΩ3, DiΩ3,Ω3} . (3.4.1.15)
The subscript ”s” in in Eq. (3.4.1.14) stands for the semidirect cohomological sum, due to the fact
that (some of the) cohomologies in the r.h.s. of the Hodge decomposition (3.4.1.14) have non-vanishing
intersections. Indeed, as it can be checked by recalling Eqs. (2.24), (2.25) and (3.4.1.1), the following
results hold:∫
CY3
Ω3 ∧ Ω3 = 0,
∫
CY3
Ω3 ∧DiΩ3 = 0,
∫
CY3
Ω3 ∧DiΩ3 = 0,∫
CY3
Ω3 ∧ Ω3 = −ie−K ⇔ K = −ln
(
i
∫
CY3
Ω3 ∧ Ω3
)
,
∫
CY3
(DiΩ3) ∧DjΩ3 = 0,
∫
CY3
(DiΩ3) ∧DjΩ3 =
[
∂j∂iln
(
i
∫
CY3
Ω3 ∧ Ω3
)] ∫
CY3
Ω3 ∧ Ω3 = −∂j∂iK
∫
CY3
Ω3 ∧ Ω3 = ie−Kgij
m
gij = −∂j∂iln
(
i
∫
CY3
Ω3 ∧ Ω3
)
= −
R
CY3
(DiΩ3)∧DjΩ3R
CY3
Ω3∧Ω3 .
(3.4.1.16)
In particular, the second line of Eq. (3.4.1.16) allows one to write the covariant derivatives of Ω3 (which
are the basis of H2,1 (CY3)) as follows:
DiΩ3 =
(
∂i −
∫
CY3
(∂iΩ3) ∧ Ω3∫
CY3
Ω3 ∧ Ω3
)
Ω3. (3.4.1.17)
It is worth pointing out that the 2h2,1 + 2 3-forms
{
Ω3, DiΩ3, DiΩ3,Ω3
}
i=1,...,h2,1
are all the possible
((2, 0) and (0, 2))-Ka¨hler-weighted independent 3-forms which can be defined on CY3 in the considered
framework. This is due to the two fundamental relations
DjDiΩ3 = gijΩ3; (3.4.1.18)
DiDjΩ3 = iCijkgklDlΩ3 = D(iDj)Ω3, (3.4.1.19)
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which are the translation, in the language of forms on CY3, of the third and second of Eqs. (2.17),
respectively. Notice that the third of Eqs. (2.17) and Eq. (3.4.1.18) hold in a generic Ka¨hler framework,
whereas the second of Eqs. (2.17) and Eq. (3.4.1.19) in general hold only in SK geometry. Due to
Eq. (3.4.1.19), the completely symmetric, covariantly holomorphic tensor Cijk of SK geometry can be
obtained by intersecting the elements of the basis of H2,1 (CY3) with their covariant derivatives (and
normalizing with respect to the intersection of H3,0 (CY3) and H0,3 (CY3)):
Cijk = C(ijk) = −i
∫
CY3
(DiDjΩ3) ∧DkΩ3∫
CY3
Ω3 ∧ Ω3
= eK
∫
CY3
(DiDjΩ3) ∧DkΩ3. (3.4.1.20)
According to the Hodge-decomposition (3.4.1.14) implemented through the change of basis (3.4.1.15),
the charges undergo the following change of basis:{
pΛ, qΛ
} −→ {Z3,0 (z, p, q) , Z2,1i (z, z, p, q) , Z1,2i (z, z, p, q) , Z0,3 (z, p, q)} , (3.4.1.21)
where the complex, (CS) moduli-dependent quantities on the r.h.s. are defined as follows:
Z3,0 (z; p, q) ≡ ∫
CY3
H3 ∧ Ω3 (z) = 14pi
∫
CY3
(∫
S2∞
Z
)
∧ Ω3 (z) = XΛ (z) qΛ − FΛ (z) pΛ = W (z; p, q) ;
(3.4.1.22)
Z2,1i (z, z; p, q) ≡
∫
CY3
H3 ∧ (DiΩ3) (z, z) =
∫
CY3
(∫
S2∞
Z
)
∧ (DiΩ3) (z, z) =
=
(
DiX
Λ
)
(z, z) qΛ − (DiFΛ) (z, z) pΛ = (DiW ) (z, z; p, q) ;
(3.4.1.23)
Z1,2
i
(z, z; p, q) ≡ Z2,1i (z, z; p, q); (3.4.1.24)
Z0,3 (z; p, q) ≡ Z3,0 (z; p, q). (3.4.1.25)
As it can be seen, Z3,0 (z; p, q) and Z2,1i (z, z; p, q) are respectively nothing but the N = 2, d = 4
holomorphic central charge function W (z; p, q), also named N = 2 superpotential (see Eq. (2.2) and
comments below), and its covariant derivatives, introduced a` la Gukov-Vafa-Witten (GVW) [83] also
in the considered N = 2, d = 4 framework. In other words, Eq. (3.4.1.22) defines the holomorphic
central extension of the N = 2, d = 4 local supersymmetry algebra, whereas Eq. (3.4.1.22) defines
in a geometrical way the charges of the other field strength vectors, orthogonal to the graviphoton.{
Z3,0, Z2,1i , Z
1,2
i
, Z0,3
}
correspond to electric and magnetic charges of the (U(1))h2,1+1 gauge group of
the complex Dalbeault parameterization of H3 (CY3,R). Their dependence on moduli can be understood
by taking into account that they refer to the supermultiplet eigenstates, which are moduli-dependent (as
already pointed out below Eq. (3.3.1.23)). They satisfy the following model-independent sum rules [3]:(∣∣Z3,0∣∣2 + gijZ2,1i Z1,2j ) eK = − 12 (pΛ, qΛ)M (N )( pΣqΣ
)
= I1 (z, z; p, q) = VBH (z, z; p, q) > 0;
(3.4.1.26)(∣∣Z3,0∣∣2 − gijZ2,1i Z1,2j ) eK = − 12 (pΛ, qΛ)M (F)( pΣqΣ
)
= I2 (z, z; p, q) R 0, (3.4.1.27)
where M (N ) is the real, symplectic matrix defined by Eq. (3.3.1.17), F ≡ FΛΣ = ∂ΣFΛ, M (F) =
M (N → F). I1 and I2 are the first and second lowest-order (quadratic in charges) invariants of SK
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geometry. As far as the metric gij of the SK CS moduli space is regular, I1 has positive signature and it
is nothing but the “BH effective potential” VBH , whereas I2 has signature (1, h2,1). Since the considered
extremal BH background is static (and spherically symmetric), the undressed charges pΛ and qΛ are
conserved in time, and so are the dressed charges
{
Z3,0, Z2,1i , Z
1,2
i
, Z0,3
}
(which however, through their
dependence on scalars, do depend on radial coordinate).
The real, Ka¨hler gauge-invariant 3-form H3 can be thus Hodge-decomposed as follows (γ1, γ2, γ3, γ4 ∈
C)
H3 = eK

γ1
(∫
CY3
H3 ∧ Ω3
)
Ω3 + γ2gij
(∫
CY3
H3 ∧ (DiΩ3)
)
DjΩ3+
+γ3gji
(∫
CY3
H3 ∧DiΩ3
)
DjΩ3 + γ4
(∫
CY3
H3 ∧ Ω3
)
Ω3
 =
= eK
 γ1WΩ3 + γ2gij (DiW )DjΩ3+
+γ3gji
(
DiW
)
DjΩ3 + γ4WΩ3
 ,
(3.4.1.28)
where Eqs. (3.4.1.22)-(3.4.1.25) were used. The r.h.s. of the Hodge-decomposition (3.4.1.28) is the
most general Ka¨hler gauge-invariant combination of all the possible ((2, 0) and (0, 2))-Ka¨hler-weighted
independent 3-forms for Type IIB on CY3s. The overall factor eK (with Ka¨hler weights (−2,−2)) is
necessary to make the r.h.s. of the identity (3.4.1.28) Ka¨hler gauge-invariant. The reality condition
H3 = H3 implies γ3 = γ2 and γ4 = γ1. The complex coefficients γ1 and γ2 can be determined by
computing
∫
CY3
H3 ∧Ω3 and
∫
CY3
H3 ∧DlΩ3, using the identity (3.4.1.28) and recalling Eqs. (3.4.1.22)-
(3.4.1.25) and the intersections (3.4.1.16). By doing so, one obtains:
W =
∫
CY3
H3 ∧ Ω3 = eKγ1W
∫
CY3
Ω3 ∧ Ω3 = iγ1W ⇔ γ1 = −i;
DlW =
∫
CY3
H3 ∧DlΩ3 = eKγ2gij (DiW )
∫
CY3
DjΩ3 ∧DlΩ3 = −iγ2DlW ⇔ γ2 = i.
(3.4.1.29)
Thus, the complete Hodge-decomposition of the real flux 3-form H3 of Type IIB on CY3s reads
H3 = −ieK
[
WΩ3 − gij (DiW )DjΩ3 + gji
(
DiW
)
DjΩ3 −WΩ3
]
=
= −2Im
[
ZΩˆ3 − gji
(
DiZ
)
DjΩˆ3
]
,
(3.4.1.30)
where in the second line we recalled the definition of the N = 2, d = 4 covariantly holomorphic central
charge function Z (z, z, p, q) (with Ka¨hler weights (1,−1)) given by Eq. (2.2) (see also Eq. (2.16)), and
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introduced the covariantly holomorphic (3, 0)-form Ωˆ3 (with Ka¨hler weights (1,−1)) on CY3:
Z (z, z; p, q) ≡ eK(z,z)2 W (z; p, q) ,
DiZ = e
K
2 DiW, DiZ = 0;
(3.4.1.31)
Ωˆ3 (z, z) ≡ Ω3q
i
R
CY3
Ω3∧Ω3
= e
K(z,z)
2 Ω3 (z) ,
DiΩˆ3 = e
K
2 DiΩ3, DiΩˆ3 = 0.
(3.4.1.32)
Let us now compare the Hodge-decomposition identity (3.4.1.30) with the real part (3.3.1.9) and
(3.3.1.10) of the SK geometrical identities (3.3.1.16). It is immediate to realize that the identity (3.4.1.30)
is nothing but the translation, in the language of forms of Type IIB on CY3 (i.e. in a particular
stringy framework) of the identity (3.3.1.9)-(3.3.1.10), which is the real part of the fundamental identities
(3.3.1.16), holding for any SK geometry, irrespectively of its microscopic/stringy origin.
3.4.2 “New Attractor” Approach
The evaluation of the Hodge-decomposition identity (3.4.1.30) along the constraints determining the
various classes of critical points of VBH in MnV (which in the considered stringy framework is nothing
but the CS moduli space of CY3) allows one to obtain a completely equivalent form of the AEs for
extremal (static, spherically symmetric, asymptotically flat) BHs in the particular framework in which
N = 2, d = 4 ungauged supergravity is obtained by compactifying Type IIB on CY3. As already pointed
out in the treatment at macroscopic level, in some cases such equivalent forms of AEs may be simpler
to solve than the AEs obtained by exploiting the “criticality conditions” approach (see Sect. 3.1).
I) Supersymmetric ( 12 -BPS) critical points. By evaluating the Hodge-decomposition identity (3.4.1.30)
along the constraints (3.1.1.1.1), one obtains
H3 = −i
[
eK
(
WΩ3 −WΩ3
)]
1
2−BPS
=
= −2Im
(
ZΩˆ3
)
1
2−BPS
.
(3.4.2.1)
Eq. (3.4.2.1) is the translation, for Type IIB on CY3, of Eqs. (3.3.2.1) and (3.3.2.2), which in turn
are equivalent, purely algebraic forms of the 12 -BPS extremal BH AEs, given by the (partly differential)
conditions (3.1.1.1.1). By recalling Eqs. (3.4.1.14) and (3.4.1.15), Eq. (3.4.2.1) implies that at 12 -BPS
critical points of VBH the real flux 3-form H3 of Type IIB on CY3 has vanishing components along the
Dalbeault third cohomologies H2,1 (CY3) and H1,2 (CY3). This can be understood easily by recalling
Eq. (3.4.1.23):
DiW = 0, ∀i⇐⇒

∫
CY3
H3 ∧DiΩ3 = 0, ∀i;
m∫
CY3
H3 ∧DiΩ3 = 0, ∀i.
(3.4.2.2)
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Thus, at 12 -BPS critical points of VBH H3 is ”orthogonal” (in the sense of Eq. (3.4.2.2), as understood
below, as well) to all the 3-forms which are basis elements of H2,1 (CY3) and H1,2 (CY3).
Consequently, the complete supersymmetry breaking at the horizon of (static, spherically symmetric,
asymptotically flat) extremal BHs in N = 2, d = 4 supergravity as low-energy, effective theory of Type
IIB on CY3 can be traced back to the non-vanishing “intersections” (defined by Eqs. (3.4.1.23) and
(3.4.1.24)) of H3 with H2,1 (CY3) and H1,2 (CY3). Moreover, in light of Eq. (3.4.1.22), the 12 -BPS
non-degeneracy condition W 1
2−BPS 6= 0 corresponds to a condition of non(-complete)-”orthogonality”
between H3 and Ω3, basis of H3,0 (CY3):
W 6= 0⇐⇒

∫
CY3
H3 ∧ Ω3 6= 0;
m∫
CY3
H3 ∧ Ω3 6= 0.
(3.4.2.3)
II) Non-BPS Z 6= 0 critical points. By evaluating the Hodge-decomposition identity (3.4.1.30) along
the constraints (3.1.1.2.1) and (3.1.1.2.2), one obtains
H3 = 2Im
[
ZΩˆ3 +
i
2
Z
|Z|2Ciklg
ijgkkgll
(
DkZ
) (
DlZ
)
DjΩˆ3
]
non−BPS,Z 6=0
,
(3.4.2.4)
Eq. (3.4.2.4) is the translation, for Type IIB on CY3, of Eqs. (3.3.2.2) and (3.3.2.3), which in turn are
equivalent forms of the non-BPS Z 6= 0 extremal BH AEs, given by the (partly differential) conditions
(3.1.1.2.1) and (3.1.1.2.2).
By recalling Eqs. (3.4.1.14) and (3.4.1.15), Eq. (3.4.2.4) implies that at the non-BPS Z 6= 0 crit-
ical points of VBH the real flux 3-form H3 of type IIB on CY3 has components along H0,3 (CY3) and
H2,1 (CY3) with the same holomorphicity in the holomorphic central charge Z. In other words, such
components can be expressed only in terms of Z and DiZ, without using Z and DiZ. Such a fact
does not happen in a generic point of the CS moduli space of CY3, as it is seen from the global Hodge-
decomposition identity (3.4.1.30). As it is evident, the price to be paid in order to obtain the same
holomorphicity in Z at the non-BPS Z 6= 0 critical points of VBH is the fact that the component of H3
along H2,1 (CY3) is not linear in some covariant derivative of Z any more, also explicitly depending on
the rank-3 covariantly antiholomorphic tensor Cijk. By recalling Eqs. (3.4.1.22)-(3.4.1.25), this can be
understood by considering the translation of Eq. (3.1.1.2.2) in the language of (3-)forms of Type IIB on
CY3:∫
CY3
H3 ∧DiΩ3 =
i
2
∫
CY3
H3 ∧ Ω3Cijkg
ljgmk
(∫
CY3
H3 ∧DlΩ3
)∫
CY3
H3 ∧DmΩ3, ∀i = 1, ..., nV .
(3.4.2.5)
Eq. (3.4.2.5), holding at non-BPS Z 6= 0 critical points of VBH , expresses the “intersections” of H3 with
H1,2 (CY3) (i.e. the components of H3 along H2,1 (CY3); see Eq. (3.4.1.28)) non-linearly in terms of
“intersections” of H3 with H3,0 (CY3) and H2,1 (CY3), which can be all expressed only in terms of Z
and DiZ, without using Z and DiZ.
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III) Non-BPS Z = 0 critical points. By evaluating the Hodge-decomposition identity (3.4.1.30) along
the constraints (3.1.1.3.1) and (3.1.1.3.2), one obtains
H3 = −ieK
[
−gij (∂iW )DjΩ3 + gji
(
∂iW
)
DjΩ3
]
=
= 2Im
[
gji
(
∂iZ
)
DjΩˆ3
]
,
(3.4.2.6)
Eq. (3.4.2.6) is the translation, for Type IIB on CY3, of Eqs. (3.3.2.4) and (3.3.2.5), which in turn are
equivalent forms of the non-BPS Z = 0 extremal BH AEs, given by the (partly differential) conditions
(3.1.1.3.1) and (3.1.1.3.2). By recalling Eqs. (3.4.1.14) and (3.4.1.15), Eq. (3.4.2.6) implies that at non-
BPS Z = 0 critical points of VBH , in an opposite fashion with respect to the case of 12 -BPS critical points
of VBH , the real flux 3-form H3 of Type IIB on CY3 has vanishing components along the Dalbeault third
cohomologies H3,0 (CY3) and H0,3 (CY3). This can be understood easily by recalling Eq. (3.4.1.22):
W = 0⇐⇒

∫
CY3
H3 ∧ Ω3 = 0;
m∫
CY3
H3 ∧ Ω3 = 0.
(3.4.2.7)
Thus, at non-BPS Z = 0 critical points of VBH H3 is ”orthogonal” (in the sense of Eq. (3.4.2.7), as
understood below, as well) to Ω3 and Ω3, basis of H3,0 (CY3) and H0,3 (CY3), respectively. Moreover, in
light of Eqs. (3.4.1.23) and (3.4.1.24), the non-BPS Z = 0 non-degeneracy condition (at least for strictly
positive-definite gij at the considered critical points of VBH)
(DiW )non−BPS,Z=0 6= 0, at least for some i ∈ {1, ..., nV } (3.4.2.8)
corresponds to a condition of non(-complete)-”orthogonality” between H3 and the DiΩ3s, basis elements
of H2,1 (CY3):
DiW 6= 0, at least for some i ∈ {1, ..., nV } ⇐⇒

∫
CY3
H3 ∧DiΩ3 6= 0, , at least for some i ∈ {1, ..., nV } ;
m∫
CY3
H3 ∧DiΩ3 6= 0, at least for some i ∈
{
1, ..., nV
}
.
(3.4.2.9)
4 Flux Vacua Attractor Equations
in N = 1, d = 4 Supergravity from Type IIB on CY3×T 2Z2
4.1 CY3 Orientifolds
We consider Type IIB superstring theory compactified on a CY3 orientifold with O3/O7-planes (as in the
GPK-KKLT model [109, 80]), determining an N = 1, d = 4 supergravity as effective, low-energy theory.
Within such a framework, we will derive FV AEs14, similarly to what done in Subsect. 3.4 for extremal
14In [110] the FV Attractor Mechanism has been shown to act also in the landscape of non-Ka¨hler vacua emerging in
the flux compactifications of heterotic superstrings.
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BH AEs in effective N = 2, d = 4 supergravity from Type IIB on CY3. We will mainly follow [9], [84] and
[85]. In our treatment, the relevant moduli moduli space M of the CY3 orientifold is the one composed
by the (direct) product of the CS moduli space (of complex dimension h2,1 ≡ dim
(
H2,1 (CY3)
)
, which
is a SK manifold, and the 1-dim. Ka¨hler manifold parameterized by the universal axion-dilaton. We will
denote the CS moduli by
(
xi, xi
)
i=1,...,h2,1
≡
(
ti, t
i
)
i=1,...,h2,1
(not to be confused with the projective
coordinates in the SK CS moduli space) and the axion-dilaton by τ ≡ t0:
M =Mt0 ⊗MCS . (4.1.1)
No Ka¨hler structure (KS) moduli will be considered in our treatment of the classical FV Attractor
Mechanism; indeed, in the considered framework the stabilization of KS moduli requires quantum per-
turbative or non-perturbative mechanisms, such as worldsheet instantons and gaugino condensation (see
e.g. [80]).
4.1.1 Vielbein and Metric Tensor in the Moduli Space
We start by defining the structure of the (h2,1 + 1)-dim. Ka¨hler manifold spanned by the CS moduli and
the axion-dilaton. Its Ka¨hler potential can be written as follows (Λ = 1, ..., h2,1, h2,1 + 1 throughout15):
K
(
t, t
)
= −ln
[
−i
(
t0 − t0
)]
− ln
[
i
∫
CY3
Ω3 (x) ∧ Ω3 (x)
]
=
= −ln
[∫
CY3
[
t0Ω3 (x) ∧ Ω3 (x)− Ω3 (x) ∧ t0Ω3 (x)
]]
=
= −ln
[(
t0 − t0
)(
X
Λ
(x)FΛ (x)−XΛ (x)FΛ (x)
)]
,
(4.1.1.1)
where Ω3 is the holomorphic (3, 0)-form defined on CY3. Thus, one can write:
K
(
t, t
)
= K1
(
t0, t
0
)
+K3 (x, x) ;
K1
(
t0, t
0
)
≡ −ln
[
−i
(
t0 − t0
)]
;
K3 (x, x) ≡ −ln
[
i
(
X
Λ
(x)FΛ (x)−XΛ (x)FΛ (x)
)]
.
(4.1.1.2)
The reality condition on K1 and K3 yields the conditions
Imt0 > 0, Im
(
XΛ (x)FΛ (x)
)
> 0. (4.1.1.3)
The metric of the whole moduli space is given by (a = 0, 1, ..., h2,1 throughout)
gab
(
t, t
)
= ∂b∂aK
(
t, t
)
= ∂b∂a
[
K1
(
t0, t
0
)
+K3 (x, x)
]
, (4.1.1.4)
15Notice the different range of the symplectic (capital Greek) indices in the present treatment of Type IIB on CY3
orientifold with O3/O7-planes with respect to the range 0, 1, ..., h2,1 of the previous treatment of Type IIB on CY3. In
general, the reference to the graviphoton degree of freedom “0” is lost, due to the orientifolding truncation of the low-energy,
effective supergravity.
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yielding 
g00 = −
(
t
0 − t0
)−2
= e2K1
“
t0,t
0
”
;
g0i = 0 = gi0;
gij = ∂j∂iK3 (x, x) .
(4.1.1.5)
In our treatment we will make extensive use of the local “flat” coordinates in M (denoted by capital
indices A = 0, 1, ..., h2,1 throughout), defined as usual by (gabg
ac = δc
b
, gabg
cb = δca)
gab
(
t, t
) ≡ eAa (t, t) eBb (t, t) δAB ⇔ gab (t, t) ≡ eaA (t, t) ebB (t, t) δAB , (4.1.1.6)
where eAa
(
t, t
)
is the local vielbein in M , and eaA
(
t, t
)
is its inverse (eAa e
b
A = δ
b
a, e
A
a e
a
B = δ
A
B). Due to Eqs.
(4.1.1.5), the h22,1 +2h2,1 +1 components of the vielbein e
A
a =
{
e
0
0, e
0
i , e
I
0, e
I
i
}
(I = 1, ..., h2,1 throughout),
defined by Eq. (4.1.1.6), satisfy the following set of Eqs.:
∣∣∣e00 (t, t)∣∣∣2 + eI0 (t, t) eJ0 (t, t) δIJ = −(t0 − t0)−2 ;
e
0
0
(
t, t
)
e
0
i
(
t, t
)
+ eI0
(
t, t
)
eJ
i
(
t, t
)
δIJ = 0;
e
0
i
(
t, t
)
e
0
j
(
t, t
)
+ eIi
(
t, t
)
eJ
j
(
t, t
)
δIJ = ∂j∂iK3 (x, x) ,
(4.1.1.7)
admitting as a solution16:
∣∣∣e00 (t, t)∣∣∣2 = −(t0 − t0)−2 ⇐ e00 (t, t) = (t0 − t0)−1 = ieK1“t0,t0” = e00 (t0, t0) ;
eI0
(
t, t
)
= 0, ∀I = 1, ..., h2,1;
e
0
i
(
t, t
)
= 0, ∀i = 1, ..., h2,1;
eIi
(
t, t
)
eJ
j
(
t, t
)
δIJ = ∂j∂iK3 (x, x) .
(4.1.1.8)
By inverting Eq. (4.1.1.6) one gets
δAB = e
a
A
(
t, t
)
eb
B
(
t, t
)
gab
(
t, t
)⇔ δAB = eAa (t, t) eBb (t, t) gab (t, t) , (4.1.1.9)
which by Eq. (4.1.1.5) implies that the h22,1 + 2h2,1 + 1 components of the inverse vielbein e
a
A =
16Notice that the solutions given by Eqs. (4.1.1.8) and (4.1.1.11) are clearly not unique. Indeed, for a given metric, one
can always transform the vielbein and its inverse by a Lorentz transformation, which however will not affect the metric
itself.
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{
e00, e
i
0, e
0
I , e
i
I
}
, defined by Eq. (4.1.1.6), satisfy the set following set of Eqs.:
−
(
t
0 − t0
)−2 ∣∣∣e00 (t, t)∣∣∣2 + ei0 (t, t) ej0 (t, t) ∂j∂iK3 (x, x) = 1;
−
(
t
0 − t0
)−1
e0
I
(
t, t
)
+ ei0
(
t, t
)
ej
I
(
t, t
)
∂j∂iK3 (x, x) = 0;
−
(
t
0 − t0
)−2
e0I
(
t, t
)
e0
J
(
t, t
)
+ eiI
(
t, t
)
ej
J
(
t, t
)
∂j∂iK3 (x, x) = δIJ ,
(4.1.1.10)
admitting as a solution:
∣∣∣e00 (t, t)∣∣∣2 = −(t0 − t0)2 = ∣∣∣e00 (t, t)∣∣∣−2 ;
⇑
e00
(
t, t
)
=
(
t
0 − t0
)
= −ie−K1
“
t0,t
0
”
=
[
e
0
0
(
t0, t
0
)]−1
= e00
(
t0, t
0
)
;
ei0
(
t, t
)
= 0, ∀i = 1, ..., h2,1;
e0I
(
t, t
)
= 0, ∀I = 1, ..., h2,1;
eiI
(
t, t
)
ej
J
(
t, t
)
∂j∂iK3 (x, x) = δIJ ,
(4.1.1.11)
implying, by Eq. (4.1.1.6), that the components of the inverse metric tensor of M read as follows:
g00 = −
(
t
0 − t0
)2
= e−2K1
“
t0,t
0
”
= (g00)
−1 ;
g0i = 0 = gi0;
gij : gij∂j∂kK3 (x, x) = δ
i
k, g
ij∂k∂iK3 (x, x) = δ
j
k
.
(4.1.1.12)
Moreover, it should be noticed that actually eIi = e
I
i (x, x) and e
i
I = e
i
I (x, x), as obtained by differ-
entiating with respect to the axion-dilaton t0 the fourth Eq. of the systems of solutions (4.1.1.8) and
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(4.1.1.11), respectively: {[
∂0e
I
i
(
t, t
)]
eJ
j
(
t, t
)
+ eIi
(
t, t
)
∂0e
J
j
(
t, t
)}
δIJ = 0;
m
∂0e
I
i
(
t, t
)
= 0,
∂0e
I
i
(
t, t
)
= 0⇔ ∂0eIi
(
t, t
)
= 0;
m
eIi = e
I
i (x, x) ;
{[
∂0e
i
I
(
t, t
)]
ej
J
(
t, t
)
+ eiI
(
t, t
)
∂0e
j
J
(
t, t
)}
∂j∂iK3 (x, x) = 0;
m
∂0e
i
I
(
t, t
)
= 0,
∂0e
i
I
(
t, t
)⇔ ∂0eiI (t, t) = 0;
m
eiI = e
i
I (x, x) .
(4.1.1.13)
In the following treatment, we will use the solutions (4.1.1.8) and (4.1.1.11) of the systems of Eqs.
(4.1.1.7) and (4.1.1.10), respectively, i.e. we will assume that a system of local “flat” coordinates in M
defined by Eqs. (4.1.1.6) and (4.1.1.9) always exists such that the corresponding vielbein and its inverse
are given by Eqs. (4.1.1.8) and (4.1.1.11) (implemented by Eqs. (4.1.1.13)), in turn consistent with the
covariant and contravariant metric tensor of M given by Eqs. (4.1.1.5) and (4.1.1.12), respectively.
4.1.2 1-, 3- and 4-Forms on CY3×T
2
Z2
Next, we introduce the Ramond-Ramond (RR) and Neveu-Schwarz-Neveu-Schwarz (NSNS) flux 3-forms
of Type IIB on CY3 orientifold (with O3/O7-planes) as follows:
RR : F3 ≡ pΛf αΛ − qf |ΛβΛ ∈ H3 (CY3,R) ;
NSNS : H3 ≡ pΛhαΛ − qh|ΛβΛ ∈ H3 (CY3,R) ,
(4.1.2.1)
where we introduced the 1×(2h2,1 + 2) symplectic vector of RR and NSNS fluxes (charges), respectively:
QRR ≡
(
pΛf , qf |Λ
)
;
QNSNS ≡
(
pΛh , qh|Λ
)
,
(4.1.2.2)
and
{
αΛ, β
Λ
}
is the b3-dim. real (manifestly symplectic-covariant) basis of the third real cohomology
H3 (CY3,R), satisfying Eq. (3.4.1.1). In the considered framework, the flux 3-forms defined by Eq.
(4.1.2.1) can be unified in the t0-dependent, complex flux 3-form
G3
(
t0
) ≡ F3 − t0H3 = (pΛf − t0pΛh)αΛ − (qf |Λ − t0qh|Λ)βΛ ∈ H3 (CY3,C; t0) , (4.1.2.3)
thus determining the GVW N = 1, d = 4 holomorphic superpotential as follows:
W (t) ≡ ∫
CY3
G3
(
t0
) ∧ Ω3 (x) = ∫CY3 F3 ∧ Ω3 (x)− t0 ∫CY3 H3 ∧ Ω3 (x) =
= qf |ΛXΛ (x)− pΛf FΛ (x) + qh|Λ
(−t0XΛ (x))− pΛh (−t0FΛ (x)) .
(4.1.2.4)
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The second line of Eq. (4.1.2.4) suggests to redefine the holomorphic (3, 0)-form in the ”NSNS sector”
as follows:
Ω3,NS (t) ≡ −t0Ω3,RR (x) = −t0Ω3 (x) . (4.1.2.5)
Since in Type IIB on the considered CY3 orientifold the flux 3-forms F3 and H3 form the SL
(
2, H3 (CY3,R)
)
-
doublet
F̂ ≡
 F3
H3
 ∈ SL (2, H3 (CY3,R)) , (4.1.2.6)
correspondingly, one can introduce the SL
(
2, H3,0 (CY3; t)
)
-doublet
Ξ (t) ≡
 Ξ1 (x) ≡ Ω3 (x)
Ξ2 (t) ≡ −t0Ω3 (x)
 ∈ SL (2, H3,0 (CY3; t)) . (4.1.2.7)
By exploiting such a manifest SL(2)-covariance, Eqs. (4.1.1.1) and (4.1.2.4) can be rewritten as follows:
K
(
t, t
)
= −ln
[∫
CY3
[
Ξ1 (x) ∧ Ξ2
(
t
)− Ξ2 (t) ∧ Ξ1 (x)]] ; (4.1.2.8)
W (t) =
∫
CY3
[F3 ∧ Ξ1 (x) + H3 ∧ Ξ2 (t)] =
∫
CY3
F̂T ∧ Ξ (t) . (4.1.2.9)
Thus, the N = 1, d = 4 covariantly holomorphic central charge function of Type IIB on CY3 orientifold
with O3/O7-planes can be introduced:
Z
(
t, t
) ≡ e 12K(t,t)W (t) = e 12K(t,t) ∫
CY3
G3
(
t0
) ∧ Ω3 (x) = (4.1.2.10)
=
∫
CY3
F̂T ∧ Ξ (t)√∫
CY3
[
Ξ1 (x) ∧ Ξ2
(
t
)− Ξ2 (t) ∧ Ξ1 (x)] = (4.1.2.11)
=
(
qf |Λ − t0qh|Λ
)
XΛ (x)−
(
pΛf − t0pΛh
)
FΛ (x)√(
t0 − t0
)(
X
Λ
(x)FΛ (x)−XΛ (x)FΛ (x)
) , (4.1.2.12)
with Ka¨hler weights (1,−1) with respect to K (t, t):
DaZ
(
t, t
)
= ∂aZ
(
t, t
)
+ 12
(
∂aK
(
t, t
))
Z
(
t, t
)
;
DaZ
(
t, t
)
= ∂aZ
(
t, t
)− 12 (∂aK (t, t))Z (t, t) = 0.
(4.1.2.13)
Now, we can perform an unifying simplification of notation, by using the language of 4-forms on
Calabi-Yau 4-folds (CY4); in such a framework, Type IIB on CY3 orientifold with O3/O7-planes can be
described by 4-forms defined on CY4 = CY3×T
2
Z2 , where T
2 denotes the “auxiliary” 2-torus, whose complex
modulus is the universal-axion dilaton τ ≡ t0. Thus, beside the b3-dim. real (manifestly symplectic-
covariant) basis
{
αΛ, β
Λ
}
of H3 (CY3,R) (satisfying Eq. (3.4.1.1)), one can introduce the 2-dim. basis
{α, β} of H1 (T 2,R), satisfying∫
T 2
α ∧ α = 0 =
∫
T 2
β ∧ β,
∫
T 2
α ∧ β = 1, (4.1.2.14)
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and the holomorphic (1, 0)-form Ω1
(
t0
)
on T 2:
Ω1
(
t0
) ≡ −t0α+ β ∈ H1,0 (T 2) . (4.1.2.15)
By recalling Eq. (3.4.1.3), it is thus possible to define an holomorphic (4, 0)-form on CY4(= CY3×T
2
Z2 , as
always understood in treatment below) as follows:
Ω4 (t) ≡ Ω1
(
t0
) ∧ Ω3 (x) = XΛ (x)β ∧ αΛ − t0XΛ (x)α ∧ αΛ − FΛ (x)β ∧ βΛ + t0FΛ (x)α ∧ βΛ.
(4.1.2.16)
Instead of using the complex, t0-dependent flux 3-form G3
(
t0
) ∈ H3 (CY3,C; t0) defined by Eq. (4.1.2.3),
the RR and NSNS flux 3-forms can be unified elegantly by introducing the real flux 4-form
F4 ≡ −α ∧ F3 + β ∧ H3 =
(
pΛhβ − pΛf α
) ∧ αΛ − (qh|Λβ − qf |Λα) ∧ βΛ ∈ H4 (CY4,R) .
(4.1.2.17)
By using Eqs. (3.4.1.1), (3.4.1.3), (4.1.2.14), (4.1.2.15), (4.1.2.16) and (4.1.2.17), Eqs. (4.1.2.8)-
(4.1.2.11) can be elegantly rewritten as follows:
K
(
t, t
)
= −ln
(∫
CY4
Ω4 (t) ∧ Ω4
(
t
))
; (4.1.2.18)
W (t) =
∫
CY4
F4 ∧ Ω4 (t) ; (4.1.2.19)
Z
(
t, t
)
= e
1
2K(t,t)
∫
CY4
F4 ∧ Ω4 (t) =
R
CY4
F4∧Ω4(t)qR
CY4
Ω4(t)∧Ω4(t)
=
∫
CY4
F4 ∧ Ωˆ4
(
t, t
)
, (4.1.2.20)
where in Eq. (4.1.2.20) we defined the covariantly holomorphic 4-form on CY4:
Ωˆ4
(
t, t
) ≡ e 12K(t,t)Ω4 (t) = e 12K1“t0,t0”e 12K3(x,x)Ω1 (t0) ∧ Ω3 (x) = Ωˆ1 (t0, t0) ∧ Ωˆ3 (x, x) ;
Ωˆ1
(
t0, t
0
)
≡ e 12K1
“
t0,t
0
”
Ω1
(
t0
)
;
(4.1.2.21)
Ωˆ3 (x, x) is the covariantly holomorphic 3-form on CY3, defined by Eq. (3.4.1.32); it has Ka¨hler weights
(1,−1) with respect to the Ka¨hler potential K3 (x, x) of the SK CS moduli space MCS of CY3:
DiΩˆ3 =

∂iΩˆ3 + 12 (∂iK3) Ωˆ3 = e
1
2K3DiΩ3 =
= 1r
i
“
X
∆
F∆−X∆F∆
”

[
∂iX
Λ −
“
X
Σ
∂iFΣ−(∂iXΣ)FΣ
”
X
Ξ
FΞ−XΞFΞ
XΛ
]
αΛ+
−
[
∂iFΛ −
“
X
Σ
∂iFΣ−(∂iXΣ)FΣ
”
X
Ξ
FΞ−XΞFΞ
FΛ
]
βΛ
 ;
DiΩˆ3 = ∂iΩˆ3 − 12
(
∂iK3
)
Ωˆ3 = 0;
DiDjΩˆ3 = iCijkgklDlΩˆ3; DiDjΩˆ3 = gjiΩˆ3;
D0Ωˆ3 = 0; D0Ωˆ3 = 0.
(4.1.2.22)
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On the other hand, Ωˆ1
(
t0, t
0
)
is the covariantly holomorphic 1-form on T 2, defined by the second line
of Eq. (4.1.2.21); it has Ka¨hler weights (1,−1) with respect to the Ka¨hler potential K1
(
t0, t
0
)
of the
Ka¨hler 1-dim. moduli space Mt0 of T 2, spanned by the universal axion-dilaton τ ≡ t0:
D0Ωˆ1 = ∂0Ωˆ1 + 12 (∂0K1) Ωˆ1 = e
1
2K1D0Ω1 = ieK1Ωˆ1 =
(
t
0 − t0
)−1
Ωˆ1;
m
Ωˆ1 = −ie−K1D0Ωˆ1 ⇔ Ωˆ1 = ie−K1D0Ωˆ1 ⇔ D0Ωˆ1 = −ieK1Ωˆ1;
D0Ωˆ1 = ∂0Ωˆ1 − 12
(
∂0K1
)
Ωˆ1 = 0;
D0D0Ωˆ1 = 0; D0D0Ωˆ1 = g00Ωˆ1 = e
2K1Ωˆ1 = −
(
t
0 − t0
)−2
Ωˆ1;
DiΩˆ1 = 0; DiΩˆ1 = 0.
(4.1.2.23)
Resultingly, the covariantly holomorphic 4-form Ωˆ4
(
t, t
)
on CY4 = CY3×T
2
Z2 , defined by the first line
of Eq. (4.1.2.21), has Ka¨hler weights (1,−1) with respect to the whole Ka¨hler potential K (t, t) =
K1
(
t0, t
0
)
+K3 (x, x) of the (h2,1 + 1)-dim. moduli space M =Mt0⊗MCS . of CY4 (recall Eq. (4.1.1)):
DaΩˆ4
(
t, t
)
= ∂aΩˆ4
(
t, t
)
+ 12
(
∂aK
(
t, t
))
Ωˆ4
(
t, t
)
;
DaΩˆ4
(
t, t
)
= ∂aΩˆ4
(
t, t
)− 12 (∂aK (t, t)) Ωˆ4 (t, t) = 0,
(4.1.2.24)
implying that
DbDaΩˆ4
(
t, t
)
= gbaΩˆ4
(
t, t
)
. (4.1.2.25)
4.1.3 Hodge Decomposition of F4
Now, in order to derive the Hodge-decomposition17 of the real flux 4-form F4, we have to determine
all the possible independent 4-forms on CY4(= CY3×T
2
Z2 , as always understood throughout). Due to
Eqs. (4.1.2.24) and (4.1.2.25), it is easy to realize that, up to the third order of covariant differentiation
included, the possible independent 4-forms ((1,−1)-Ka¨hler weighted with respect to K) on CY4 are Ωˆ4,
DaΩˆ4, DaDbΩˆ4, DaDbDcΩˆ4 and DaDbDcΩˆ4.
As it can be realized by considering Eqs. (I.1)-(I.4) of Appendix I, DaDbΩˆ4 cannot be expressed
in terms of DaΩˆ4 (as instead it happens in the extremal BH case, see Eq. (3.4.1.19)), and all the
independent, (1,−1)-Ka¨hler-weighted 4-forms on the considered CY4 are given by the 2h2,1 + 2 forms
Ωˆ4, D0Ωˆ4, DiΩˆ4, D0DiΩˆ4. (4.1.3.1)
The third covariant derivatives of Ωˆ4 do not add any other independent 4-form, and so do all the
other higher order covariant derivatives of Ωˆ4. Thus, the possible candidates along which one might
17For an elegant and detailed derivation of the Hodge-decomposition of F4 using methods of algebraic geometry, see e.g.
Sect. 2 of [85].
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decompose the real flux 4-form F4 are the 4-forms given by Eq. (4.1.3.1) and their complex conjugated
Ωˆ4, D0Ωˆ4, DiΩˆ4, D0DiΩˆ4.
The “intersections” among the elements of the set of 4-forms Ωˆ4,D0Ωˆ4,DiΩˆ4,D0DiΩˆ4, Ωˆ4,D0Ωˆ4,DiΩˆ4
and D0DiΩˆ4 in generic local “curved” and in local “flat” coordinates of M are given in Appendix II. By
using such results, the real, Ka¨hler gauge-invariant 4-form F4 can be thus Hodge-decomposed as follows
(η1, ..., η6 ∈ C)
F4 =

η1
(∫
CY4
F4 ∧ Ωˆ4
)
Ωˆ4 + η2δAB
(∫
CY4
F4 ∧
(
DAΩˆ4
))
DBΩˆ4+
+η3δAB
(∫
CY4
F4 ∧D0DAΩˆ4
)
D0DBΩˆ4 + η4δ
BA
(∫
CY4
F4 ∧D0DAΩˆ4
)
D0DBΩˆ4+
+η5δBA
(∫
CY4
F4 ∧
(
DAΩˆ4
))
DBΩˆ4 + η6
(∫
CY4
F4 ∧ Ωˆ4
)
Ωˆ4

=
(4.1.3.2)
=
 η1ZΩˆ4 + η2δAB (DAZ)DBΩˆ4 + η3δAB
(
D0DAZ
)
D0DBΩˆ4+
+η4δBA
(
D0DAZ
)
D0DBΩˆ4 + η5δBA
(
DAZ
)
DBΩˆ4 + η6ZΩˆ4
 , (4.1.3.3)
where Eq. (4.1.2.20) was used, also implying:∫
CY4
F4 ∧DaΩˆ4 = DaZ,
∫
CY4
F4 ∧DaDbΩˆ4 = DaDbZ;∫
CY4
F4 ∧DAΩˆ4 = DAZ,
∫
CY4
F4 ∧DADBΩˆ4 = DADBZ.
(4.1.3.4)
The r.h.s. of the Hodge-decomposition (4.1.3.3) is the most general Ka¨hler gauge-invariant combination
of all the possible ((1,−1) and (−1, 1))-Ka¨hler-weighted independent 4-forms for Type IIB on CY4 =
CY3×T 2
Z2 . The reality condition F4 = F4 implies η4 = η3, η5 = η2 and η6 = η1. The (a priori) complex
coefficients η1, η2 and η3 can be determined by computing
∫
CY4
F4 ∧ Ωˆ4,
∫
CY4
F4 ∧DAΩˆ4 and
∫
CY4
F4 ∧
D0DAΩˆ4, and using the identity (4.1.3.3) and recalling Eqs. (4.1.2.20), (4.1.3.4) and the “intersections”
in local “flat” coordinates (II.5)-(II.8). By doing so, one obtains:
Z =
∫
CY4
F4 ∧ Ωˆ4 = η1Z
∫
CY4
Ωˆ4 ∧ Ωˆ4 = η1Z ⇔ η1 = 1;
DCZ =
∫
CY4
F4 ∧DCΩˆ4 = η2δAB (DAZ)
∫
CY4
(
DBΩˆ4
)
∧DCΩˆ4 =
= −η2δABDAZδCB = −η2DCZ ⇔ η2 = −1;
D0DCZ =
∫
CY4
F4 ∧D0DCΩˆ4 = η3δAB
(
D0DAZ
) ∫
CY4
(
D0DBΩˆ4
)
∧D0DCΩˆ4 =
= η3δABδCBD0DAZ = η3D0DCZ ⇔ η3 = 1.
(4.1.3.5)
Thus, the complete Hodge-decomposition of the real, Ka¨hler gauge-invariant 4-form F4 of Type IIB on
48
CY3×T 2
Z2 in generic local “flat” coordinates
18 in M reads
F4 = 2Re
[
ZΩˆ4 −
(
D
A
Z
)
DAΩˆ4 +
(
D
0
D
A
Z
)
D0DAΩˆ4
]
= (4.1.3.6)
= 2Re

ZΩˆ1 ∧ Ωˆ3 −
(
D0Z
)
Ωˆ1 ∧ Ωˆ3 −
(
D
I
Z
)
Ωˆ1 ∧DIΩˆ3+
+
(
D
0
D
I
Z
)
Ωˆ1 ∧DIΩˆ3
 . (4.1.3.7)
4.2 N = 1, d = 4 Effective Potential and “Criticality Conditions” Approach
The potential of N = 1, d = 4 supergravity (from Type IIB on CY3×T 2Z2 ), which acts as effective potential
for the FV attractors, is given by Eq. (1.17), which we repeat here [81, 82]:
VN=1 = eK
[
−3 |W |2 + gabDaWDbW
]
= −3 |Z|2 + gabDaZDbZ =
= −3 |Z|2 −
(
t
0 − t0
)2
|D0Z|2 + gij
(
tk, t
k
)
DiZDjZ R 0.
(4.2.1)
At a glance, the first difference between the “BH effective potential” VBH given by Eq. (3.1.1) and the
“FV effective potential” VN=1 given by Eq. (4.2.1) concerns their sign. Indeed, VBH is positive-definite
and it can be recognized as the first, quadratic invariant of SK geometry; through the Bekenstein-Hawking
entropy-area formula, it is related to the classical entropy and to the area of the event horizon of the
considered extremal (static, spherically symmetric, asymptotically flat) BH. On the other hand, VN=1
does not have a definite sign, and critical points of VN=1 can exist with VN=1 R 0:
1) VN=1|∂VN=1=0 > 0 corresponds to De Sitter (dS) vacua;
2) VN=1|∂VN=1=0 = 0 determines Minkowski vacua;
3) VN=1|∂VN=1=0 < 0 corresponds to anti De Sitter (AdS) vacua.
By differentiating Eq. (4.2.1) with respect to the moduli and recalling Eqs. (4.1.2.19) and (4.1.2.25),
one obtains the general criticality conditions of VN=1 (∀a = 0, 1, ..., h2,1):
DaVN=1 = ∂aVN=1 = 0;
m
eK
[−3WDaW + gbc (DaDbW )DcW + gbc (DbW )DaDcW ] =
= eK
[−2WDaW + gbc (DaDbW )DcW ] = 0;
m
−2WDaW + gbc (DaDbW )DcW = 0,
(4.2.2)
where, as in the case of extremal BH attractors in N = 2, d = 4 supergravity, we assumed the Ka¨hler
potential to be regular, i.e. that |K| < ∞ globally in M (or at least at the critical points of VN=1).
18For the analogous expression in generic local “curved” coordinates in M , see Eqs. (III.1)-(III.4).
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Eqs. (4.2.2) are the what one should rigorously refer to as the N = 1, d = 4 FV AEs (in Type IIB on
CY3×T 2
Z2 ). By recalling Eq. (4.1.1.12), they can finally be rewritten as
DaVN=1 = ∂aVN=1 = 0⇔ −2WDaW + g00 (DaD0W )D0W + gij (DaDiW )DjW = 0,∀a = 0, 1, ..., h2,1.
(4.2.3)
Let us specify such FV AEs for the two classes of (local “curved”) indices; with some elaborations, one
obtains:
a = 0 (axion-dilaton direction in M) :
D0VN=1 = ∂0VN=1 = 0⇔ −2WD0W + gjk (D0DjW )DkW = 0;
(4.2.4)
a = i ∈ {1, ..., h2,1} (CS directions in M) :
DiVN=1 = ∂iVN=1 = 0
m
−2WDiW + g00 (DiD0W )D0W + gjk (DiDjW )DkW = 0;
m
−2WDiW + e−2K1 (D0DiW )D0W − e−K1gjkCijlglm
(
D0DmW
)
DkW = 0.
(4.2.5)
Thus, despite the presence of the universal axion-dilaton direction in the (h2,1 + 1)-dim. Ka¨hler moduli
space M , Eqs. (4.2.5) yields that the tensor Cijk, defined in the h2,1-dim. SK CS moduli spaceMCS (
M , still plays a key role. The FV AEs (4.2.4) and (4.2.5) of N = 1, d = 4 supergravity from Type IIB
on CY3×T
2
Z2 relate, at the critical points of the “FV effective potential” VN=1 (given by Eq. (4.2.1)), the
N = 1, d = 4 holomorphic superpotential W , the supersymmetry order parameters DiZ = e 12KDiW and
the axino-dilatino-CS modulino mixings D0DiZ = e
1
2KD0DiW , which is part of the (h2,1 + 1)×(h2,1 + 1)
modulino mass matrix Λab ≡ DaDbZ = e 12KDaDbW (note that in the considered N = 1, d = 4
framework the axino-dilatino and the h2,1 CS modulinos play the role of the nV = h2,1 CS modulinos in
the context of N = 2, d = 4 supergravity from Type IIB on CY3). It is worth pointing out that Λab is
part of the holomorphic/anti-holomorphic form of the (2h2,1 + 2) × (2h2,1 + 2) covariant Hessian of Z,
which is nothing but the holomorphic/anti-holomorphic form of the scalar (axion-dilaton + CS moduli,
in the stringy description as Type IIB on CY3×T
2
Z2 ) mass matrix.
The structure of the criticality conditions (4.2.3) and (4.2.4)-(4.2.5) suggests the classification of the
critical points of VN=1 in two general classes:
I) The supersymmetric (SUSY) critical points of VN=1, determined by the differential constraints
DaW = 0,∀a = 0, 1, ..., h2,1, (4.2.6)
which directly solve the conditions (4.2.3) and (4.2.4)-(4.2.5). By substituting the SUSY FV constraints
(4.2.6) into the expression (4.2.1) of VN=1, one obtains that SUSY dS critical points of VN=1 (i.e.,
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independently on the stability, SUSY dS FV described by a classical FV Attractor Mechanism encoded
by - the criticality conditions of - the potential VN=1) cannot exist, because
VN=1,SUSY = −3
(
eK |W |2
)
SUSY
= −3 |Z|2SUSY 6 0. (4.2.7)
II) The non-supersymmetric (non-SUSY) critical points of VN=1, determined by the differential
constraints  DaW 6= 0, (at least) for some a ∈ {0, 1, ..., h2,1} ;
∂aVN=1 = 0,∀a = 0, 1, ..., h2,1.
(4.2.8)
The expression (4.2.1) of VN=1 suggests that a priori such critical points of VN=1 are of all possible
species (dS, Minkowski, AdS).
4.3 Supersymmetric Flux Vacua Attractor Equations
In the present Subsection we will concentrate on the SUSY critical points of VN=1, determining the
supersymmetric FV AEs in N = 1, d = 4 supergravity from Type IIB on CY3×T 2Z2 . This can be achieved
respectively by evaluating the Hodge identities (4.1.3.6)-(4.1.3.7) and (III.1)-(III.4) at the SUSY FV
constraints (4.2.6).
The evaluation of the identities (4.1.3.6)-(4.1.3.7) and (III.1)-(III.4) along the constraints (4.2.6)
respectively yields the supersymmetric FV AEs in N = 1, d = 4 supergravity from Type IIB on CY3×T 2Z2
in local “flat” coordinates19:
F4 = 2Re
[
ZΩˆ4 + δAB
(
D0DBZ
)
D0DAΩˆ4
]
SUSY
=
= 2Re
[
ZΩˆ1 ∧ Ωˆ3 + δIJ
(
D0DJZ
)
Ωˆ1 ∧DIΩˆ3
]
SUSY
=
= 2eK1+K3Re
[
WΩ1 ∧ Ω3 + δIJ
(
D0DJW
)
Ω1 ∧DIΩ3
]
SUSY
.
(4.3.1)
Notice that, as in Eqs. (4.3.1) as well as in the treatment below, the subscript “SUSY ” denotes the
evaluation at the SUSY FV constraints (4.2.6).
Furthermore, Eqs. (4.3.1) can be further elaborated by computing that(
D0DJW
)
SUSY
=
(
ejJ∂jD0W
)
SUSY
=
(
ejJe
0
0∂jD0W
)
SUSY
=
(
ejJe
0
0∂0DjW
)
SUSY
=
=
{
ejJ (τ − τ)
[
∂j∂0W + 12 (∂jK3) ∂0W
]}
SUSY
=
=
{
ejJ (τ − τ)
[
−qh|Λ∂jXΛ + pΛh∂jFΛ + 12
“
X
Σ
∂jFΣ−FΣ∂jXΣ
”
X
∆
F∆−F∆X∆
(
qh|ΞXΞ − pΞhFΞ
)]}
SUSY
.
(4.3.2)
The structure of the SUSY FV AEs (4.3.1) suggests the classification of the SUSY critical points of
VN=1 in three general classes:
19For the analogous expression in generic local “curved” coordinates in M , see Eq. (III.5).
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I) Type “(3,0)” SUSY FV, determined by the constraints (4.2.6) and by the further conditions
WSUSY 6= 0;[
gij
(
D0DjW
)
Ω1 ∧DiΩ3
]
SUSY
= 0;
m
∀Λ = 1, ..., h2,1 + 1 :

[
gij
(
D0DjW
)
DiX
Λ
]
SUSY
= 0;
[
gij
(
D0DjW
)
DiFΛ
]
SUSY
= 0.
(4.3.3)
Because of
VN=1,SUSY,(3,0) = −3
(
eK |W |2
)
SUSY,(3,0)
< 0, (4.3.4)
the class “(3,0)” of SUSY FV is composed only by AdS FV. In this case, the SUSY FV AEs read as
follows:
F4 = 2Re
[
ZΩˆ4
]
SUSY,(3,0)
=
= 2Re
[
ZΩˆ1 ∧ Ωˆ3
]
SUSY,(3,0)
= 2
(
eK1+K3
)
SUSY,(3,0)
Re
[
WΩ1 ∧ Ω3
]
SUSY,(3,0)
;
(4.3.5)
Notice that for such a class of SUSY FV the condition of consistence of Eqs. (4.3.5) is WSUSY 6= 0.
In other words, Minkowski (VN=1 = 0) SUSY FV satisfying the constraints (4.2.6) and
WSUSY = 0;[
gij
(
D0DjW
)
Ω1 ∧DiΩ3
]
SUSY
= 0;
m
∀Λ = 1, ..., h2,1 + 1 :

[
gij
(
D0DjW
)
DiX
Λ
]
SUSY
= 0;
[
gij
(
D0DjW
)
DiFΛ
]
SUSY
= 0.
(4.3.6)
are not described by the classical FV Attractor Mechanism encoded by the SUSY FV AEs (4.3.1).
Indeed, such Eqs., when evaluated along the constraints (4.3.6) simply return all (RR and NSNS)
vanishing fluxes.
It is worth pointing out that, beside the substitution of “Im” with “Re” and the doubling of the
vector dimension due to the SL(2,R)-doublet of RR and NSNS (3-form) fluxes, the “(3,0)” SUSY FV
AEs (4.3.5) are very close to the SUSY extremal BH AEs in N = 2, d = 4 supergravity, given by Eqs.
(3.3.2.1)-(3.3.2.2).
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II) Type “(2,1)” SUSY FV, determined by the constraints (4.2.6) and by the further conditions
WSUSY = 0; [
gij
(
D0DjW
)
Ω1 ∧DiΩ3
]
SUSY
6= 0;
m
(at least) for some Λ ∈ {1, ..., h2,1 + 1} :

[
gij
(
D0DjW
)
DiX
Λ
]
SUSY
6= 0;
and/or[
gij
(
D0DjW
)
DiFΛ
]
SUSY
6= 0.
(4.3.7)
Because of
VN=1,SUSY,(2,1) = −3
(
eK |W |2
)
SUSY,(2,1)
= 0, (4.3.8)
the class “(2,1)” of SUSY FV is composed only by Minkowski FV. In this case, the SUSY FV AEs read
as follows:
F4 =
[
δAB
(
D0DAZ
)
D0DBΩˆ4 + δ
BA
(
D0DAZ
)
D0DBΩˆ4
]
SUSY,(2,1)
=
= 2Re
[(
t0 − t0
)
gij
(
D0DjZ
)
Ωˆ1 ∧DiΩˆ3
]
SUSY,(2,1)
=
= 2Re
[
e0
0
eiIe
j
J
δIJ
(
D0DjZ
)
Ωˆ1 ∧DiΩˆ3
]
SUSY,(2,1)
=
= 2
(
eK1+K3
)
SUSY,(2,1)
Re
[
e0
0
eiIe
j
J
δIJ
(
D0DjW
)
Ω1 ∧DiΩ3
]
SUSY,(2,1)
.
(4.3.9)
It is worth observing that the SUSY FV constraints (4.2.6) and the condition WSUSY,(2,1) = 0 imply
(∂aW )SUSY,(2,1) = 0,∀a = 0, 1, ..., h2,1;
m
(∂0W )SUSY,(2,1) =
(−qh|ΛXΛ + pΛhFΛ)SUSY,(2,1) = 0;
∀i = 1, ..., h2,1 :

(∂iW )SUSY,(2,1) =
[
qf |Λ∂iXΛ − pΛf ∂iFΛ − τ
(
qh|Λ∂iXΛ − pΛh∂iFΛ
)]
SUSY,(2,1)
= 0;
m
(
qh|Λ∂iXΛ − pΛh∂iFΛ
)
SUSY,(2,1)
=
[
1
τ
(
qf |Λ∂iXΛ − pΛf ∂iFΛ
)]
SUSY,(2,1)
,
(4.3.10)
where we used the fact that τ 6= 0 is a necessary (but not sufficient) condition for the (assumed) regularity
of K1 in Mt0≡τ ( M (or at least in the considered critical points of VN=1). Thus, Eq. (4.3.2) can be
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further elaborated as follows:(
D0DJW
)
SUSY,(2,1)
=
(
ejJ∂jD0W
)
SUSY,(2,1)
=
=
(
ejJe
0
0∂j∂0W
)
SUSY,(2,1)
=
(
ejJe
0
0∂0∂jW
)
SUSY,(2,1)
=
=
[
ejJ (τ − τ) ∂j∂0W
]
SUSY,(2,1)
=
{
ejJ (τ − τ)
(−qh|Λ∂jXΛ + pΛh∂jFΛ)}
SUSY,(2,1)
=
=
{
−ejJ (τ−τ)τ
(
qf |Λ∂jXΛ − pΛf ∂jFΛ
)}
SUSY,(2,1)
,
(4.3.11)
where in the last line we used Eq. (4.3.10). Furthermore, by using Eq. (4.3.10) with some elaborations,
one obtains that
WSUSY,(2,1) = 0
(∂0W )SUSY,(2,1) = 0
⇒ (qf |ΛXΛ − pΛf FΛ)SUSY,(2,1) = 0, (4.3.12)
and therefore at the class “(2,1)” of SUSY critical points of VN=1 the ”RR sector” qf |ΛXΛ − pΛf FΛ and
the “NSNS sector” − (qh|ΛXΛ − pΛhFΛ) of the holomorphic superpotential W vanish separately.
By looking at the “(2,1)” SUSY FV AEs (4.3.9), it is interesting to note that “(2,1)” SUSY FV do
not have a counterpart in the theory of extremal BH attractors in N = 2, d = 4 supergravity. Indeed, as
implied by the SUSY extremal BH AEs (3.3.2.1)-(3.3.2.2), the classical extremal BH Attractor Mechanism
in N = 2, d = 4 supergravity is not consistent with SUSY critical points of VBH also having W = 0, and
thus determining VBH = 0. In such a case, the SUSY extremal BH AEs (3.3.2.1)-(3.3.2.2) simply yield
all (magnetic and electric) BH charges vanishing.
Contrarily to the extremal BH attractors in N = 2, d = 4 supergravity, and as yielded by the “(2,1)”
SUSY FV AEs (4.3.9), the classical FV Attractor Mechanism allows for stabilization of (axion-dilaton
+ CS) moduli in the SUSY case with vanishing gravitino mass ZUSY =
(
eKW
)
SUSY
= 0.
III) Type “(3,0)+(2,1)” SUSY FV, determined by the constraints (4.2.6) and by the further conditions
WSUSY 6= 0; [
gij
(
D0DjW
)
Ω1 ∧DiΩ3
]
SUSY
6= 0;
m
(at least) for some Λ ∈ {1, ..., h2,1 + 1} :

[
gij
(
D0DjW
)
DiX
Λ
]
SUSY
6= 0;
and/or[
gij
(
D0DjW
)
DiFΛ
]
SUSY
6= 0.
(4.3.13)
Because of
VN=1,SUSY,(3,0)+(2,1) = −3
(
eK |W |2
)
SUSY,(3,0)+(2,1)
< 0, (4.3.14)
the class “(3,0)+(2,1)” of SUSY FV is composed only by AdS FV. For such a class of SUSY FV the
FV AEs are simply given by Eqs. (4.3.1) (which can be further elaborated by considering Eq. (4.3.2)),
constrained by Eqs. (4.3.13).
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In [11] examples of SUSY FV of all the classes considered above (“(3,0)”, “(2,1)”, and “(3,0)+(2,1)”)
have been explicitly checked to satisfy the corresponding SUSY FV AEs of N = 1, d = 4 supergrav-
ity from Type IIB on CY3×T2Z2 , in a model with h2,1 = 1, where CY3 is the so-called Fermat sixtic
hypersurface.
5 Some Recent Developments on Extremal Black Hole Attrac-
tors
In these lectures we have described the general theory of attractors for a generic N = 2, d = 4 SK
geometry, both in the supergravity language and in terms of Type IIB superstrings compactified on
Calabi-Yau threefolds. We have then described, in a similar way, the Attractor Mechanism arising in
N = 1, d = 4 flux vacua, focussing on the case of (the F-theory limit of) compactifications of Type IIB
on Calabi-Yau orientifolds (see also [110] for an extension to the landscape of non-Ka¨hler vacua emerging
in the flux compactifications of heterotic superstrings).
In the last years, more results have been obtained for the non-BPS extremal d = 4 BH attractors,
especially with regard to symmetric N = 2 SK geometries and to N > 2 extended theories.
The classification of the charge orbits of the U -duality [111] groups supporting attractors with non-
vanishing entropy was performed in [70] (see also [19]) and [21], respectively for N = 8 and N = 2
symmetric supergravities, whereas the corresponding moduli spaces were found and studied respectively
in [36] and [33]. Furthermore, the classification of attractors for N = 3, 4 (along with the corresponding
maximal compact symmetries) was performed in [74]. Notice that the N = 6 theory has the same
attractors, orbits and related moduli spaces of the quaternionic magic N = 2 model [21, 112].
For the sake of completeness we report here the charge orbits and the moduli space20 of attractors
for all 3 6 N 6 8, d = 4 supergravities (for the treatment of extremal BHs in such theories, see e.g.
[113, 104, 114, 115, 116]), including the cases N = 3, 4, 5, not exhaustively discussed in literature.
All d = 4 theories with N even can be uplifted to d = 5, and their U -duality group admits a unique
quartic invariant (see e.g. [117]). All such supergravities have a non-BPS attractor solution whose moduli
space coincide with the d = 5 real scalar manifold. This is the non-BPS solution with non-vanishing
central charge matrix ZAB (A, B = 1, ...,N ), which breaks the d = 4 R-symmetry to the d = 5 R-
symmetry. Since the cases N = 6, 8 have been treated in [19, 21, 74, 33, 36], let us now consider the
case N = 4; as previously mentioned, its attractors with non-vanishing entropy (and the corresponding
maximal compact symmetries) have been classified in [74]. The non-BPS attractor with ZAB 6= 0 breaks
the d = 4 R-symmetry SU (4) ∼ SO (6) down to the d = 5 R-symmetry USp (4) ∼ SO (5), and the
maximal compact symmetry exhibited by the solution is USp (4) ⊗ SO (n− 1), where n denotes the
number of matter multiplets coupled to the supergravity one. The other non-BPS attractor solution of
N = 4, d = 4 supergravity has ZAB = 0; thus, the d = 4 R-symmetry SU (4) is unbroken, and the
corresponding maximal compact symmetry is SU (4)⊗ SO (n− 2).
On the other hand, the d = 4 theories with N odd (= 3, 5) cannot be uplifted to d = 5, and their
U -duality group admits a unique quadratic invariant (see e.g. [117]). The case N = 3 admits only
20The scalar manifolds of 3 6 N 6 8, d = 4 supergravities can be found e.g. in [74].
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1
3 -BPS and non-BPS ZAB = 0 attractors with non-vanishing entropy; notice that such a result is similar
to the one obtained for the N = 2 symmetric sequence of SK manifolds based on quadratic holomorphic
prepotential (see [21], [36] and Refs. therein), and it is ultimately due to the aforementioned fact that the
N = 3, d = 4 U -duality group SU (3, n) has a unique quadratic (rather than quartic) invariant. N = 5
is peculiar, as discussed in [74], in such a case only the 15 -BPS attractor has non-vanishing entropy (this
solution splits in BPS and non-BPS Z = 0 ones when performing the N = 5→ N = 2 truncation of the
theory [74]).
By knowing the real, symplectic representation R (with dimR = r) of the U -duality group G in
which the charge vector Q sits, the orbits of R supporting attractors with non-vanishing entropy can be
computed; their dimension is always r − 1, because they are defined by a fixed, non-vanishing value of
the unique U -invariant of the theory. For (N = 2 symmetric and) 3 6 N 6 8, d = 4 supergravities such
orbits are homogeneous symmetric manifolds of the form GH (H = H, Ĥ, H˜ respectively for BPS, non-BPS
ZAB 6= 0 and non-BPS ZAB = 0); the corresponding moduli space is given by the symmetric manifold
H
h , where h (= h, ĥ, h˜, respectively) is the maximal compact subgroup of H. It is worth remarking that
the ( 1N -)BPS moduli spaces of 3 6 N 6 8, d = 4 supergravities all are quaternionic Ka¨hler manifolds;
such a geometrical property can be understood by noticing that in the supersymmetry reduction down
to N = 2 such spaces are spanned by the hypermultiplets’ scalar degrees of freedom [117, 33].
Following [117] and [74], the relation among the signs of the U -invariant I2 (quadratic in charges) or
I4 (quartic in charges) of the considered supergravity and the various BH charge orbits is (for the N = 8
case see also [118, 72, 70, 119, 19]):
N = 3 :
{
1
3 −BPS : I2 > 0;
non−BPS,ZAB = 0 : I2 < 0;
N = 4 :

1
4 −BPS : I4 > 0;
non−BPS,ZAB 6= 0 : I4 < 0;
non−BPS,ZAB = 0 : I4 > 0;
N = 5 :
1
5 −BPS : I2 ≷ 0(sign does not matter);
N = 6 :

1
6 −BPS : I4 > 0;
non−BPS,ZAB 6= 0 : I4 < 0;
non−BPS,ZAB = 0 : I4 > 0;
N = 8 :
{
1
8 −BPS : I4 > 0;
non−BPS,ZAB 6= 0 : I4 < 0.
(5.1)
In Tables 1 and 2 we respectively list all charge orbits supporting extremal BH attractors with non-
vanishing classical Bekenstein-Hawking [67] entropy (i.e. corresponding to the so-called “large” BHs)
and their corresponding moduli spaces for 3 6 N 6 8, d = 4 supergravities.
Some of the above results hold also for a generic (non-symmetric nor eventually homogeneous) N = 2,
d = 4 SK geometry based on a cubic holomorphic prepotential (usually named SK d-geometry [93]). For
instance, for any SK d-geometry of N = 2, d = 4 supergravity coupled to n Abelian vector multiplets,
the so-called D0-D6 BH charge configuration supports only non-BPS Z 6= 0 attractors, whose moduli
space is (n− 1)-dimensional, and it is given by the corresponding N = 2, d = 5 scalar manifold, endowed
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with real special geometry [34]. It is worth pointing out here that the existence of n− 1 massless modes
of the 2n× 2n (real from of the) Hessian matrix of the BH effective potential VBH at its non-BPS Z 6= 0
critical points was shown in [10] to hold in any SK d-geometry of N = 2, d = 4 supergravity coupled to n
Abelian vector multiplets. However, the issue of the stability of the non-BPS Z 6= 0 critical points of VBH
(as well as of the non-BPS Z = 0 ones) in non-homogeneous SK d-geometry has not been thoroughly
investigated so far21.
Let us finally remark that it is also possible to relate the flat directions of non-BPS attractor solutions
in N = 2, d = 4 symmetric supergravities with the flat directions of ( 1N -)BPS and non-BPS attractors in
N > 2, d = 4 theories [33]. Moreover, the moduli spaces of extremal BH attractors with non-vanishing
entropy in supergravity theories in d = 5 and d = 6 have been found and their relations with the
corresponding Attractor Eqs. in d = 4 studied in [40] and [49].
21The case of homogeneous non-symmetric SK d-geometry has been studied in [28].
57
1
N -BPS orbits
G
H non-BPS, ZAB 6= 0 orbits GbH non-BPS, ZAB = 0 orbits GeH
N = 3 SU(3,n)
SU(2,n) − SU(3,n)SU(3,n−1)
N = 4 SU(1,1)
U(1) ⊗ SO(6,n)SO(4,n) SU(1,1)SO(1,1) ⊗ SO(6,n)SO(5,n−1) SU(1,1)U(1) ⊗ SO(6,n)SO(6,n−2)
N = 5 SU(1,5)
SU(3)⊗SU(2,1) − −
N = 6 SO∗(12)
SU(4,2)
SO∗(12)
SU∗(6)
SO∗(12)
SU(6)
N = 8 E7(7)
E6(2)
E7(7)
E6(6)
−
Table 1: Charge orbits of the real, symplectic R representation of the U-duality group G
supporting BH attractors with non-vanishing entropy in 3 6 N 6 8, d = 4 supergravities
1
N -BPS
moduli space Hh
non-BPS, ZAB 6= 0
moduli space bHbh
non-BPS, ZAB = 0
moduli space eHeh
N = 3 SU(2,n)
SU(2)⊗SU(n)⊗U(1) − SU(3,n−1)SU(3)⊗SU(n−1)⊗U(1)
N = 4 SO(4,n)
SO(4)⊗SO(n) SO(1, 1)⊗ SO(5,n−1)SO(5)⊗SO(n−1) SO(6,n−2)SO(6)⊗SO(n−2)
N = 5 SU(2,1)
SU(2)⊗U(1) − −
N = 6 SU(4,2)
SU(4)⊗SU(2)⊗U(1)
SU∗(6)
USp(6) −
N = 8 E6(2)
SU(6)⊗SU(2)
E6(6)
USp(8) −
Table 2: Moduli spaces of BH attractors with non-vanishing entropy in 3 6 N 6 8, d = 4
supergravities (h, ĥ and h˜ are maximal compact subgroups of H, Ĥ and H˜, respectively)
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A Appendix I
Up to the third order of covariant differentiation included, the possible independent 4-forms ((1,−1)-
Ka¨hler weighted with respect to K) on CY4 beside Ωˆ4 are:
DaΩˆ4 :

a = 0 :
D0Ωˆ4 =
(
D0Ωˆ1
)
∧ Ωˆ3 = ieK1Ωˆ1 ∧ Ωˆ3 =
(
t
0 − t0
)−1
Ωˆ1 ∧ Ωˆ3;
a = i :
DiΩˆ4 = Ωˆ1 ∧DiΩˆ3 = e 12K3Ωˆ1 ∧DiΩ3 = e 12K3Ωˆ1 ∧ [∂iΩ3 + (∂iK3) Ω3] =
= 1r
i
“
X
∆
F∆−X∆F∆
” Ωˆ1 ∧

[
∂iX
Λ −
“
X
Σ
∂iFΣ−(∂iXΣ)FΣ
”
X
Ξ
FΞ−XΞFΞ
XΛ
]
αΛ+
−
[
∂iFΛ −
“
X
Σ
∂iFΣ−(∂iXΣ)FΣ
”
X
Ξ
FΞ−XΞFΞ
FΛ
]
βΛ
 .
(I.1)
DaDbΩˆ4 = D(aDb)Ωˆ4 :

(a, b) = (0, 0) : D0D0Ωˆ4 = 0;
(a, b) = (0, i) :
D0DiΩˆ4 = D0Ωˆ1 ∧DiΩˆ3 =
= 1“
t
0−t0
”r
i
“
X
∆
F∆−X∆F∆
” Ωˆ1 ∧

[
∂iX
Λ −
“
X
Σ
∂iFΣ−(∂iXΣ)FΣ
”
X
Ξ
FΞ−XΞFΞ
XΛ
]
αΛ+
−
[
∂iFΛ −
“
X
Σ
∂iFΣ−(∂iXΣ)FΣ
”
X
Ξ
FΞ−XΞFΞ
FΛ
]
βΛ
 ;
(a, b) = (i, j) :
DiDjΩˆ4 = Ωˆ1 ∧DiDjΩˆ3 = iCijkgklΩˆ1 ∧DlΩˆ3 =
= −e−K1CijkgklD0Ωˆ1 ∧DlΩˆ3 = −e−K1CijkgklD0DlΩˆ4 =
= −e−K1CijkgklDlD0Ωˆ4 = −i
(
t
0 − t0
)
Cijkg
klDlD0Ωˆ4.
(I.2)
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DaDbDcΩˆ4 = D(aDbDc)Ωˆ4 :

(a, b, c) = (0, 0, 0) : D0D0D0Ωˆ4 = 0;
(a, b, c) = (0, 0, i) : D0D0DiΩˆ4 = 0;
(a, b, c) = (0, i, j) :

D0DiDjΩˆ4 = D0Ωˆ1 ∧DiDjΩˆ3 =
= −eK1CijkgklΩˆ1 ∧DlΩˆ3 =
= −eK1CijkgklDlΩˆ4 = i
(
t
0 − t0
)−1
Cijkg
klDlΩˆ4;
(a, b, c) = (i, j, k) :

DiDjDkΩˆ4 = −i
(
t
0 − t0
)
(DiCjkl) glmDmD0Ωˆ4+
−i
(
t
0 − t0
)
Cjklg
lmDiDmD0Ωˆ4 =
= −i
(
t
0 − t0
)
(DiCjkl) glmD0DmΩˆ4+
−i
(
t
0 − t0
)
Cjklg
lm
(
D0Ωˆ1
)
∧DiDmΩˆ3 =
= −i
(
t
0 − t0
)
(DiCjkl) glmD0DmΩˆ4 − i
(
t
0 − t0
)
CijkD0Ωˆ4.
(I.3)
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DaDbDcΩˆ4 = DaD(bDc)Ωˆ4 :

(a, b, c) =
(
0, 0, 0
)
: D0D0D0Ωˆ4 = 0;
(a, b, c) =
(
0, 0, i
)
: D0D0DiΩˆ4 = g00DiΩˆ4 = −
(
t
0 − t0
)−2
DiΩˆ4 = e2K1DiΩˆ4;
(a, b, c) =
(
0, i, j
)
: D0DiDjΩˆ4 = 0;
(a, b, c) =
(
l, 0, 0
)
: DlD0D0Ωˆ4 = 0;
(a, b, c) =
(
l, 0, i
)
: DlD0DiΩˆ4 = gilD0Ωˆ4;
(a, b, c) =
(
l, i, j
)
:
DlDiDjΩˆ4 = iCijkg
kkΩˆ1 ∧DlDkΩˆ3 =
= gkkCijkClmkg
mmΩˆ1 ∧DmΩˆ3 =
= gkkCijkClmkg
mmDmΩˆ4 =
SKG constraints=
(
Riljmg
mm + δmj gil + δ
m
i gjl
)
DmΩˆ4.
(I.4)
Since the covariant derivatives of Ωˆ4 are often considered in local “flat” coordinated in M , below we
write the independent ones, up to the third order included, by recalling Eqs. (4.1.1.8) and (4.1.1.11)
(implemented by Eqs. (4.1.1.13)), Eqs. (4.1.1.5) and (4.1.1.12), and Eqs. (I.1)-(I.4):
DAΩˆ4 :

A = 0 : D0Ωˆ4 = ea0DaΩˆ4 = e
0
0
(
D0Ωˆ1
)
∧ Ωˆ3 = Ωˆ1 ∧ Ωˆ3;
A = I : DIΩˆ4 = eaIDaΩˆ4 = e
i
IDiΩˆ4 = e
i
I
(
Ωˆ1 ∧DiΩˆ3
)
.
(I.5)
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DADBΩˆ4 = D(ADB)Ωˆ4 :

(A,B) = (0, 0) : D0D0Ωˆ4 = ea0e
b
0DaDbΩˆ4 =
(
e00
)2
D0D0Ωˆ4 = 0;
(A,B) = (0, I) : D0DIΩˆ4 = ea0e
b
IDaDbΩˆ4 = e
0
0e
i
ID0DiΩˆ4 = D0Ωˆ1 ∧DIΩˆ3 = Ωˆ1 ∧DIΩˆ3;
(A,B) = (I, J) :

DIDJ Ωˆ4 = eaIe
b
JDaDbΩˆ4 =
= eiIe
j
JDiDjΩˆ4 = e
i
Ie
j
J
(
Ωˆ1 ∧DiDjΩˆ3
)
=
= −eiIejJe−K1CijkgklD0DlΩˆ4 = iCIJKδKKΩˆ1 ∧DKΩˆ3 =
= iCIJKδKKD0Ωˆ1 ∧DKΩˆ3.
(I.6)
DADBDCΩˆ4 = D(ADBDC)Ωˆ4 :

(A,B,C) = (0, 0, 0) : D0D0D0Ωˆ4 = ea0e
b
0e
c
0DaDbDcΩˆ4 =
(
e00
)3
D0D0D0Ωˆ4 = 0;
(A,B,C) = (0, 0, I) : D0D0DIΩˆ4 = ea0e
b
0e
c
IDaDbDcΩˆ4 =
(
e00
)2
eiID0D0DiΩˆ4 = 0;
(A,B,C) = (0, I, J) :

D0DIDJ Ωˆ4 = ea0e
b
Ie
c
JDaDbDcΩˆ4 = e
0
0e
i
Ie
j
JD0DiDjΩˆ4 =
= ie00e
i
Ie
j
J
(
t
0 − t0
)−1
Cijkg
klDlΩˆ4 = iCIJKδ
KKDKΩˆ4;
(A,B,C) = (I, J,K) :

DIDJDKΩˆ4 = eaIe
b
Je
c
KDaDbDcΩˆ4 = e
i
Ie
j
Je
k
KDiDjDkΩˆ4 =
= −ieiIejJekK
(
t
0 − t0
)
(DiCjkl) glmD0DmΩˆ4+
−ieiIejJekK
(
t
0 − t0
)
CijkD0Ωˆ4 =
= i (DICJKL) δLLD0DLΩˆ4 + iCIJKD0Ωˆ4.
(I.7)
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DADBDCΩˆ4 = DAD(BDC)Ωˆ4 :

(
A,B,C
)
=
(
0, 0, 0
)
: D0D0D0Ωˆ4 = e
a
0
eb0e
c
0DaDbDcΩˆ4 = e
0
0
(
e00
)2
D0D0D0Ωˆ4 = 0;
(
A,B,C
)
=
(
0, 0, I
)
: D0D0DIΩˆ4 = e
a
0
eb0e
c
IDaDbDcΩˆ4 =
= e0
0
e00e
i
ID0D0DiΩˆ4 = e
0
0
e00e
i
Ig00DiΩˆ4 = DIΩˆ4;
(
A,B,C
)
=
(
0, I, J
)
: D0DIDJ Ωˆ4 = e
a
0
ebIe
c
JDaDbDcΩˆ4 = e
0
0
eiIe
j
JD0DiDjΩˆ4 = 0;
(
A,B,C
)
=
(
L, 0, 0
)
: DLD0D0Ωˆ4 = e
a
L
eb0e
c
0DaDbDcΩˆ4 = e
l
L
(
e00
)2
DlD0D0Ωˆ4 = 0;
(
A,B,C
)
=
(
L, 0, I
)
: DLD0DIΩˆ4 = e
a
L
eb0e
c
IDaDbDcΩˆ4 =
= el
L
e00e
i
IDlD0DiΩˆ4 = e
l
L
e00e
i
IgilD0Ωˆ4 = δILD0Ωˆ4;
(
A,B,C
)
=
(
L, I, J
)
:

DLDIDJ Ωˆ4 = e
a
L
ebIe
c
JDaDbDcΩˆ4 = e
l
L
eiIe
j
JDlDiDjΩˆ4 =
= el
L
eiIe
j
Jg
kkCijkClmkg
mmDmΩˆ4 =
SKG constraints in local “flat” coords.
=
(
δMJ δIL + δ
M
I δJL
)
DM Ωˆ4.
(I.8)
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B Appendix II
The “intersections” among the elements of the set of 4-forms Ωˆ4, D0Ωˆ4, DiΩˆ4, D0DiΩˆ4, Ωˆ4, D0Ωˆ4, DiΩˆ4
and D0DiΩˆ4 in generic local “curved” and in local “flat” coordinates of M respectively read as follows:∫
CY4
Ωˆ4 ∧ Ωˆ4 = 0,
∫
CY4
Ωˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
Ωˆ4 ∧DiΩˆ4 = 0,
∫
CY4
Ωˆ4 ∧D0DiΩˆ4 = 0;∫
CY4
Ωˆ4 ∧ Ωˆ4 = 1;∫
CY4
Ωˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
Ωˆ4 ∧DiΩˆ4 = 0,
∫
CY4
Ωˆ4 ∧D0DiΩˆ4 = 0;
(II.1)
∫
CY4
DiΩˆ4 ∧DjΩˆ4 = 0,
∫
CY4
DiΩˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
DiΩˆ4 ∧D0DjΩˆ4 = 0;∫
CY4
DiΩˆ4 ∧DjΩˆ4 = −gij ;∫
CY4
DiΩˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
DiΩˆ4 ∧D0DjΩˆ4 = 0;
(II.2)
∫
CY4
D0Ωˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
D0Ωˆ4 ∧D0DiΩˆ4 = 0;
∫
CY4
D0Ωˆ4 ∧D0Ωˆ4 = −e2K1 =
(
t
0 − t0
)−2
;
∫
CY4
D0Ωˆ4 ∧D0DiΩˆ4 = 0;
(II.3)
∫
CY4
D0DiΩˆ4 ∧D0DjΩˆ4 = 0;
∫
CY4
D0DiΩˆ4 ∧D0DjΩˆ4 = e2K1gij = −
(
t
0 − t0
)−2
gij .
(II.4)
∫
CY4
Ωˆ4 ∧ Ωˆ4 = 0,
∫
CY4
Ωˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
Ωˆ4 ∧DIΩˆ4 = 0,
∫
CY4
Ωˆ4 ∧D0DIΩˆ4 = 0;∫
CY4
Ωˆ4 ∧ Ωˆ4 = 1;∫
CY4
Ωˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
Ωˆ4 ∧DIΩˆ4 = 0,
∫
CY4
Ωˆ4 ∧D0DIΩˆ4 = 0;
(II.5)
∫
CY4
DIΩˆ4 ∧DJ Ωˆ4 = 0,
∫
CY4
DIΩˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
DIΩˆ4 ∧D0DJ Ωˆ4 = 0;∫
CY4
DIΩˆ4 ∧DJ Ωˆ4 = −eiIejJgij = −δIJ ;∫
CY4
DIΩˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
DIΩˆ4 ∧D0DJ Ωˆ4 = 0;
(II.6)
∫
CY4
D0Ωˆ4 ∧D0Ωˆ4 = 0,
∫
CY4
D0Ωˆ4 ∧D0DIΩˆ4 = 0;
∫
CY4
D0Ωˆ4 ∧D0Ωˆ4 = −
∣∣∣e00∣∣∣2 e2K1 = −1;
∫
CY4
D0Ωˆ4 ∧D0DIΩˆ4 = 0;
(II.7)
∫
CY4
D0DIΩˆ4 ∧D0DJ Ωˆ4 = 0;
∫
CY4
D0DIΩˆ4 ∧D0DJ Ωˆ4 =
∣∣∣e00∣∣∣2 eiIejJe2K1gij = δIJ .
(II.8)
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C Appendix III
The complete Hodge-decomposition of the real, Ka¨hler gauge-invariant 4-form F4 of Type IIB on CY3×T
2
Z2
in generic local “curved” coordinates in M reads as follows:
F4 =

ZΩˆ4 − gab (DaZ)DbΩˆ4 +
∣∣∣e00∣∣∣2 gab (D0DaZ)D0DbΩˆ4+
+
∣∣∣e00∣∣∣2 gba (D0DaZ)D0DbΩˆ4 − gba (DaZ)DbΩˆ4 + ZΩˆ4
 =
= 2Re
[
ZΩˆ4 − gab
(
DbZ
)
DaΩˆ4 +
∣∣∣e00∣∣∣2 gab (D0DbZ)D0DaΩˆ4] = (III.1)
= 2Re

ZΩˆ1 ∧ Ωˆ3+
+
(
t0 − t0
)2 (
D0Z
)
Ωˆ1 ∧ Ωˆ3 − gij
(
DjZ
)
Ωˆ1 ∧DiΩˆ3+
+
(
t0 − t0
)
gij
(
D0DjZ
)
Ωˆ1 ∧DiΩˆ3
 = (III.2)
= 2Re

ZΩˆ1 ∧ Ωˆ3+
−
∣∣∣e00∣∣∣2 (D0Z) Ωˆ1 ∧ Ωˆ3 − eiIejJδIJ (DjZ) Ωˆ1 ∧DiΩˆ3+
+e0
0
eiIe
j
J
δIJ
(
D0DjZ
)
Ωˆ1 ∧DiΩˆ3
 = (III.3)
= 2eK1+K3Re

WΩ1 ∧ Ω3+
−
∣∣∣e00∣∣∣2 (D0W )Ω1 ∧ Ω3 − eiIejJδIJ (DjW)Ω1 ∧DiΩ3+
+e0
0
eiIe
j
J
δIJ
(
D0DjW
)
Ω1 ∧DiΩ3
 . (III.4)
The evaluation of such identities along the constraints (4.2.6) yields the supersymmetric FV AEs in
N = 1, d = 4 supergravity from Type IIB on CY3×T 2Z2 in local “curved” coordinates:
F4 =
[
ZΩˆ4 +
∣∣∣e00∣∣∣2 gab (D0DaZ)D0DbΩˆ4 + ∣∣∣e00∣∣∣2 gba (D0DaZ)D0DbΩˆ4 + ZΩˆ4]
SUSY
=
= 2Re
[
ZΩˆ4 +
∣∣∣e00∣∣∣2 gab (D0DbZ)D0DaΩˆ4]
SUSY
=
= 2Re
[
ZΩˆ1 ∧ Ωˆ3 +
(
t0 − t0
)
gij
(
D0DjZ
)
Ωˆ1 ∧DiΩˆ3
]
SUSY
=
= 2Re
[
ZΩˆ1 ∧ Ωˆ3 + e00eiIe
j
J
δIJ
(
D0DjZ
)
Ωˆ1 ∧DiΩˆ3
]
SUSY
=
= 2eK1+K3Re
[
WΩ1 ∧ Ω3 + e00eiIe
j
J
δIJ
(
D0DjW
)
Ω1 ∧DiΩ3
]
SUSY
.
(III.5)
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